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Abstract. In this paper we deal with a Hamiltonian action of a reductive algebraic group 
CSJ ' G on an irreducible normal affine Poisson variety X. We study the quotient morphism 

HG,x//G : X//G —> q/JG of the moment map hg.x ■ X — ► Q. We prove that for a wide class 
of Hamiltonian actions (including, for example, actions on generically symplectic varieties) 
. all fibers of the morphism [iG.xjjG have the same dimension. We also study the "Stein 

factorization" of (ig,x//G. Namely, let Cq,x denote the spectrum of the integral closure of 
H G x (K[g] G ) in K(X) G . We investigate the structure of the g//G-scheme Cq,x- Our results 
i-^h ' partially generalize those obtained by F. Knop for the actions on cotangent bundles and 

C$ • symplectic vector spaces. 



1. Introduction 

1.1. Main objects of study. In this paper we study Hamiltonian actions of reductive 
algebraic groups on Poisson varieties. The ground field IK is algebraically closed and of 
characteristic 0. 

A Poisson variety X is a variety whose structure sheaf is a sheaf of Poisson algebras. 
Poisson morphisms of Poisson varieties are defined in an obvious way. Let G be a reductive 
group acting on X by Poisson automorphisms. The action G : X is said to be Hamiltonian 
if it is equipped with a G-equivariant linear map g — *> K[X], £ i— > H^, where g denotes the Lie 
algebra of G, such that the derivation {H^, ■} of the algebra K(X) coincides with the velocity 
vector field £*. Under these conditions, the corresponding homomorphism S(g) — > K[X] is a 
homomorphism of Poisson algebras. A Poisson variety equipped with a Hamiltonian action 
of G is said to be a Hamiltonian G-variety. 

The morphism [Ig,x '■ X — > g* defined by (na,x(x),Q = H^(x),x e X, £ G g, is called 
the moment map. Since G is reductive, the algebra g possesses a nondegenerate symmetric 
bilinear G-invariant form (•,•). We may assume additionally that this form is nondegenerate 
on any Lie algebra of a reductive subgroup of G. Fix such a form and identify g* and g. So we 
can consider ^g,x as a morphism X — » g. We also consider a morphism ipc,x '■ X — » g//G, 
the composition of ^g,x an d the quotient morphism 7r G g : g — > g//G. 

It is interesting to study a kind of "Stein factorization" for the morphism ipc,x- Let X be 
a normal irreducible Hamiltonian G- variety. Denote the integral closure of ip G x (K[g] G ) in 
K(X) G by A. This is a finitely-generated subalgebra of K[X] G . Put Cg,x = Spec(A). This 
is a normal irreducible affine variety. There are two natural morphisms: the G-invariant 
dominant morphism ipG,x '■ X — > Cg,x and the finite morphism r G X '■ Cq,x d//G. We 
remark that, by the construction of Cg,x, G permutes transitively connected components 
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of a general fiber of ipG,x- The variety Cq,x and the morphisms ipc,x '■ A — > Cq,x and 
tq,x '■ Cg,x 9//G are the main objects of study in this paper. 

One of motivations for this study comes from the theory of Hamiltonian actions of compact 
Lie groups on smooth symplectic manifolds. Namely, let K be a connected compact Lie group 
and A a symplectic A-manifold. As above, one can define the moment map /i : X — > fi. 
Choose a Weyl chamber G C t and consider the continuous map ip : X — > C mapping x 
to Kfi(x) fl C. This is an analog of V'G.x in this situation. The map ■?/> has the following 
properties (see [Ki]): 

(1) The image of ip is a convex polytope. 

(2) All fibers of ip are connected. 

However, general fibers of ipc,x are, in general, not connected even for connected G. The 
action of G — SL 2 on K 2 © K 2 provides an example. Therefore it seems that the right 
analog of ip in the algebraic situation is the morphism i/)g,x- We will see in the sequel 
that the image of ipG,x possesses nice properties (at least for sufficiently good, for example, 
generically symplectic, affine varieties X). We also conjecture that for such varieties X all 
fibers of ipc,x//G : X//G — > Cg,x are irreducible 1 . This would imply the connectedness 
property for all fibers of ipG,x- 

The second motivation of our study comes from Invariant theory. It turns out that the 
subalgebra K[Gg,x] C K[A] g is closely related to the subalgebra of all functions lying in the 
center of the Poisson algebra K(A) G . In particular, if K(X) G is commutative, then Cg,x is 
closely related to X//G. 

The idea to study Cq,x, iPg,x, t g,x belongs to F. Knop. In [Knl] he showed that if G 
is connected, X is a smooth irreducible G-variety and X = T*A , then Cg,x is an affine 
space and the morphism ipG,x is equidimensional. He also described the morphism tq,x- 
Namely, there is a subspace <Xg,x in a Cartan subalgebra t of q and a subgroup Wq,x in 
the quotient N G {a G ,x ) / Z G {a G ,x ) such that C G ,x = a G ,x /W G ,x and t g ,x is the morphism 
&g,x /Wg,x — ¥ induced by the restriction of functions from g to <Xg,x - Since Cg,x is an 
affine space, the group Wg,x is generated by reflections. The subalgebra K[Cg,x] coincides 
with the center of the Poisson algebra BCLY] . Recently, F.Knop obtained the analogous 
results for linear Hamiltonian actions, see [Kn5]. Moreover, in the case of cotangent bundles 
all fibers of ipc,x are connected, see [Kn4]. 

In the case when X is a smooth irreducible G-variety the group Wq,x is an important 
birational invariant of A. In a subsequent paper we will apply some results and constructions 
of the present paper to the problem of the computation of Wg,x - 

1.2. Statement of the results. We need some definitions. 

Definition 1.2.1. Let G be an arbitrary algebraic group. A G-variety A is called G- 
irreducible if G acts transitively on the set of irreducible components of A. 

A is G-irreducible iff K(X) G is a field. 

Next, we define important numerical invariants of a Hamiltonian G- variety. For a G- 
variety A let tog(A) denote the maximal dimension of a G-orbit on A. 

Definition 1.2.2. Let A be a G-irreducible Hamiltonian G-variety. The rank of A is, by 
definition, the number rk G (A) = m G {im [i G tX ) ■ The difference m G {X) — rk G (A) is called the 
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lower defect of X and is denoted by def G (X). The upper defect is the dimension of imip GtX , 
it is denoted by defa(X). 

Theorem 1.2.3. Suppose X is an affine G -irreducible Hamiltonian G-variety. Then the 
codimension of any fiber of Hg,x//G : X//G — > g//G in X//G is not less than def G (X). 

Definition 1.2.4. A G-irreducible Hamiltonian G-variety X is called equidefectinal if def G (X) = 
defc(X). In this case we call def G (X) = def G (X) the defect of X and denote it by def G (X). 

We will see in Subsection 3.4 that if X is generically symplectic (Definition 2.2.4) or 
m G (X) = dimG, then X is equidefectinal. 

If X is equidefectinal, then all fibers of /j,g,x//G have the same dimension. It is not clear 
whether ipc,x possesses this property. However, it is so when X is smooth and symplectic. 
We will prove this in a subsequent paper [Lo]. Moreover, it can be shown that any fiber of 
ipc,x has a component of the "right" dimension. 

The next two theorems describe the morphism t g , x '■ Cq,x — > &//G. To state them we 
introduce some factorization tq,x = t g x ot g x- 

Let X be a normal irreducible equidefectinal Hamiltonian G-variety. For a point x G X in 
general position we put L = Z G °((, S ), where £ = fiG,x(%)- Note that L is defined uniquely up 
to G°-conjugacy. Put [ pr = {£ G t|3 fl (£ a ) C 1}. It follows from results of Subsections 5.1,5.2, 
that A* G x(^ r ) is a normal A^ G (L)-irreducible variety. Choose a component Y C ^ G 1 x ([ pr ). 
Later on we will see that the closure of the image of the projection p : /ig,x{Y) — > l/[l, I] = 3(1) 
in g is an affine subspace in 3(1) of dimension def G (X) (Proposition 4.4.1, Remark 5.2.3). 

We denote this subspace by a^^. The group wjQ = N G (L,Y)/L acts on a^j^ by affine 
transformations. It turns out (see Subsection 5.2) that tg,x = T h x t g xi where r GX : 
Cg,x — >• Igx/^gI is a fi nite dominant morphism and 

^g,x = agl/<2 ^ is the 

finite morphism corresponding to the restriction of functions from K[g] G to aj^. 

In the case when X Q is a quasi-affme algebraic variety, X = T*X Q and G is connected 
the pair (0^, W G Y X ) is G-conjugate to the pair (a G ,x , Wg,x ) established by Knop. Our 

construction of a^^, W G Y X is inspired by Vinberg's variant of the definition of a G ,x 5 ^g,x 
(see [V2]). Note that Vinberg's construction is implicitly contained in [Kn2]. The analogous 
construction of <Xg,x , Wg,x for general X was obtained in [T]. 

Theorem 1.2.5. Let X be an equidefectinal normal irreducible affine Hamiltonian G-variety. 
Then the morphism ipG,x//G : X//G — > Cg,x is open. In particular, imipG,x = im('0G,x//G) 

(Y) 

is an open subset of Cq,x- Moreover, there is a normal W G x -variety Z such that Cg,x — 
Z/Wq X and a finite morphism t : Z — > such that: 

(1) rl x = r/W G Y l 

(2) The morphism r is Stale in all points of rr^ (Y) ^(im^ Gi x)- 

In particular, we get a partial description of singularities of imi/j G ,x- For Z we take the 
variety Cl,r, where R is an affine normal irreducible equidefectinal Hamiltonian L-variety 
constructed from X (the P u -reduction of X, see below). 

Under some additional restriction on the action G : X a more precise statement can be 
obtained. The restriction is a presence of some "good" action of the one- dimensional torus 
K x on X. Let us give the precise definition. 
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Definition 1.2.6. An affine Hamiltonian G-variety X equipped with an action IK X : X 
commuting with the action of G is said to be conical if the following two conditions are 
fulfilled 

(Conl) The morphism K x x X//G — > X//G induced by the action K x : X can be extended 

to a morphism K x X//G -> X//G. 
(Con2) There exists a positive integer k such that (J,G,x(tx) = t k /iG,x(x) for all t G K x , x G X. 
An integer k satisfying the assumptions of (Con2) is called the degree of X. 

For example, cotangent bundles and symplectic vector spaces with the natural actions of 
K x are conical (see Subsection 3.3). 

Theorem 1.2.7. Let X be a conical Hamiltonian G-variety satisfying the assumptions of 
Theorem 1.2.5. Then <x^ x is a subspace in $(() and t g x is an isomorphism. If, in addition, 
X is generically symplectic, then K[Cg,x] coincides with the subalgebra of all regular G- 
invariants lying in the center of the Poisson field K(X) G . 

Under the assumptions of the previous theorem, K[Cc,x] coincides with the center of 
K[X] G provided K(X) G = Quot(K[X] G ). It turns out that the latter is true under some 
additional assumptions. 

Definition 1.2.8. A Hamiltonian G-variety X is called strongly equidefectinal if there ex- 
ists a stratification X = \J i X i by locally closed G-irreducible equidefectinal Hamiltonian 
subvarieties (see Definition 3.1.3) Xi C X such that Xi = X™ ax . 

Some classes of strongly equidefectinal Hamiltonian varieties are listed in Subsection 3.4. 

Theorem 1.2.9. Suppose X is a strongly equidefectinal normal affine irreducible Hamilton- 
ian G-variety. Then 

(1) A fiber of ttg,x in general position contains a dense G-orbit or, equivalently, K(X) G = 
Quot(K[X] G ). 

(2) The following conditions are equivalent: 

(a) The action G : X is stable, i.e. a fiber of itg,x in general position consists of 
one orbit. 

(b) The stabilizer in general position for the action G : X exists and is reductive. 

(c) The subset of im /ig,x consisting of semisimple elements is dense in imfj, G X - 

1.3. Some key ideas. There are three main ingredients of the proofs. Let us give their 
short (and not very precise) descriptions. 

The first ingredient is the structure theory of a special class of Hamiltonian G-varieties, 
namely central-nilpotent ones. 

Definition 1.3.1. A Hamiltonian G-variety X is called central-nilpotent (or, shortly, CN) 
if hg,x{x) s G 3(0) for any x G X. 

It is not very difficult to prove Theorems 1.2.3,1.2.5 in the CN case. Furthermore, ir- 
reducible normal affine CN Hamiltonian G-varieties have a nice description provided G is 
connected. Let us state this result. 

There are two important classes of affine CN Hamiltonian G-varieties. Firstly, one can 
consider a Hamiltonian G/(G, G)-variety Xo as a Hamiltonian G-variety. Such Hamiltonian 
G-varieties are clearly CN. To obtain one more example, consider a nilpotent element 77 G g. 
By Example 3.2.7, X 1 := Spec(K[G/(G^) ]) is a Hamiltonian G-variety. This variety is 
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again CN. Thus the product X x X\ is CN. Consider a finite group T acting on X x X\ 
by Poisson automorphisms preserving the moment map. We get a CN Hamiltonian variety 
X x Xi/F. It turns out that any affine irreducible normal CN Hamiltonian G-variety has 
such a form provided G = Z(G)° x (G, G). The last requirement is not restrictive because 
any connected reductive algebraic group possesses a covering satisfying this requirement. 
Using this classification it is not very difficult to prove Theorem 1.2.9. 

The second ingredient is the local theory of Hamiltonian actions on quasi-projective va- 
rieties based on the Guillemin and Sternberg local cross-section theorem (see [GS],[Kn3]). 
Roughly speaking, the theorem reduces the study of a Hamiltonian G-variety in an etale 
neighborhood of a point x G X to the study of a Hamiltonian action of the Levi sub- 
group Z G o(fi GX (x) s ) on some locally closed subvariety of X. This subvariety is called a 
cross-section. An example of a cross-section is the Hamiltonian L-variety Y C At (; 1 x ([ pr ) 
mentioned above. Using local cross-sections we complete the proof of Theorem 1.2.9. 

To describe the third ingredient suppose that X is an irreducible normal affine equide- 
fectinal Hamiltonian G-variety. Roughly speaking, Y is a CN Hamiltonian variety "approx- 
imating" X. However, there is another CN Hamiltonian L- variety approximating X even 
better. This variety is constructed from Y and an appropriate parabolic subgroup P C G 
with Levi subgroup L and is called the P u -reduction of X associated with Y. The name is 
chosen because our construction is, in some sense, a modification of the Marsden-Weinstein 
reduction, see [MW]. The idea is as follows. We want to consider the Marsden-Weinstein 
reduction for the action P u : X, that is, the quotient ii G 1 x (p)//P u . However, this quotient, in 
general, seems to be very bad, possibly, it is not even a variety. Therefore we take a "good" 
component of /%x(p)> namely Z = P U Y, and consider not the whole algebra K[Z] P " but 
its subalgebra A z generated by H^\ z ,^ G I, and f\z, f G K[X] Pu . It turns out that this 
subalgebra is finitely generated. The P n -reduction R is the normalization of the spectrum 
of the subalgebra. It is that variety mentioned after Theorem 1.2.5. R possesses the natural 
structure of a Hamiltonian L- variety (the hamiltonians are H^jry, £ G I). The P u -reduction 
is used to reduce the proofs of Theorems 1.2.3,1.2.5 to the CN case. 

2. Poisson varieties 

In Subsection 2.1 we define a Poisson (not necessarily smooth) variety. In Subsection 2.2 
we define the Poisson bivector of a Poisson variety and study its properties. In Subsection 2.3 
main examples of Poisson varieties are given. In Subsection 2.4 we introduce a stratification 
of a Poisson variety by smooth Poisson subvarieties with the Poisson bivector of constant 
rank. Almost all definitions and results of this section are well-known in the symplectic case. 

2.1. The main definition. A commutative associative algebra A with unit is called Poisson 
if it is equipped with a skew-symmetric bilinear bracket {•, •} : A® A — > A satisfying the 
Leibnitz and Jacobi identities, that is 

(2.1) {/, gh} = {/, g}h + {/, h}g, V/, g, h G A, 

(2.2) {/, {g, h}} + {g, {h, /}} + {h, {/, g}} = 0, V/, g, h G A. 

Thus the map / {/, g} is a derivation of A for any g G A. 

Poisson homomorphisms of Poisson algebras are defined in a natural way. An ideal I G A 
is called Poisson if {A,I} C /. For such an ideal / the algebra A/ 1 possesses a unique 
Poisson bracket such that the projection A — > A/ 1 is a Poisson homomorphism. 
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Proposition 2.1.1. Let A C B be an algebraic extension of integral domains. Suppose A is 
equipped with a Poisson bracket {-,-}a and B with some bracket {-,-}b (here a bracket is a 
skew-symmetric bilinear operation satisfying the Leibnitz identity) such that 



Then {-,-}b is a Poisson bracket. If brackets {•, {•, -} B on B satisfy (2.3), then they 
coincide. 

Proof. This is a consequence of the fact that {•, •} is a biderivation and the uniqueness of a 
lifting of a derivation for algebraic extensions of integral domains (see [Le], Chapter 10). □ 

Definition 2.1.2. A variety X is called Poisson, if its structure sheaf is a sheaf of Poisson 
algebras. A subvariety Y C X is called Poisson if its ideal sheaf is a sheaf of Poisson ideals. 
A morphism of Poisson varieties is called Poisson if the corresponding homomorphisms of 
algebras of sections of the structure sheafs are Poisson. 

Note that a Poisson subvariety is naturally equipped with a structure of a Poisson variety. 
Clearly, open subvariety of a Poisson variety is Poisson. 

Note that for any multiplicatively closed subset S of a Poisson algebra A the quotient 
algebra As is equipped with a unique Poisson bracket such that the natural homo morphism 
A — > As is Poisson. Thus a Poisson bracket on K[X] defines the Poisson structure on X 
provided X is quasiafline. 

Proposition 2.1.3. Let X be a Poisson variety. Then 

(1) Any irreducible component of X is a Poisson subvariety. 

(2) Suppose X is irreducible. The normalization X of X is equipped with a unique 
Poisson structure such that the canonical morphism rr : X — > X is Poisson. 

Proof. We may assume that X is afline. Recall that {/, •} is a derivation of K[X] for any 
/ G K[X]. Assertion 2 was proved by Kaledin in [Ka]. Assertion 1 stems from the following 
lemma. □ 

Lemma 2.1.4. Suppose A is a Noetherian K-algebra. Minimal prime ideals of A are stable 
under any derivation D G Der(A,A). 

Proof. Localizing at a minimal prime ideal, we may assume that A is a local Artinian ring 
with the maximal ideal m. Let x G m. Choose an integer n such that x n ~ l ^ x n = 0. It 
remains to note that = D(x n ) = nx n ^ 1 Dx. □ 

2.2. Poisson bivector. At first, we recall the relation between bivectors and 2-forms on 
vector spaces. This material is standard, but we want to specify the choice of signs. 

Let V be a finite dimensional vector space, P <E /\ 2 V. The bivector P induces the linear 
map v : V* — > V by formula 



is a nondegenerate bivector in this space. The map v : V* — > V is the composition of 
the canonical surjection V* — > v(V*)*, the isomorphism v(V*)* — > v(V*) induced by P G 
/\ 2 v(V*) and the embedding v(V*) <^-> V. 

We can define the skew-symmetric nondegenerate bilinear form oop on v(V*) by formula 



(2.3) 



{f,g}B = {f,g}A,Vf,geA. 



(2.4) 




(2.5) 



u P (v(a),v((3)) = (P, a A (3) = (a,v(P)) 
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Now let on be a nondegenerate skew-symmetric bilinear form on U C V. We may consider 
w as a nondegenerate bivector in /\ 2 U* and construct the bivector E /\ 2 U by formula 

(2.5) . By embedding /\ 2 U into A" V, we obtain the bivector in /\ 2 V with = U. The 
maps P i— > a>p, c<j i— > P^ are inverse to each other. 

Now let X be a variety. By a bracket on X we mean a skew-symmetric bilinear operation 
on Ox satisfying the Leibnitz identity. Brackets on X are in one-to-one correspondence with 
global bivectors, that is, global sections of the sheaf Hom 0x {/\ 2 £lx,O x ), where Q x is the 
sheaf of Kahler differentials on X. If X is smooth, then we get a bivector in the usual sense. 
If a bracket satisfies (2.2), then the corresponding bivector is called Poisson. The bracket 
corresponding to a bivector P is given by 

(2.6) {f,g} = P(dfAdg)J,geK(X). 

Now let P be a bivector on X and x G X . Using the bivector P x , we construct the linear 
map v x : T*X — > T X X defined by (2.4). Let / be a rational function on X. The vectors 
v x (df) form a vector field defined in the points of the definition of /. This vector field is 
called the skew- gradient of /, we denote it by v(f). If P is a Poisson bivector, then, by 
the Jacobi identity for the bracket, the equality L V ^P = holds, where L denotes the Lie 
derivative. 

Put 

(2.7) T p X = imv x . 

Clearly, P x G /\ 2 T P X. The bivector P x induces the bilinear skew-symmetric nondegenerate 
form u x on T P X by formula (2.5). 

Let x G X reg . On the open subvariety X max C X reg consisting of all points x such that 
rkP, rkP y the spaces T P X form a locally trivial vector bundle denoted by 

T P X. We have the global section to of (\ T P *X over X max equal to uo x in x. In the sequel 
we often call this section a 2-form. If X = X max , then P is said to have constant rank. 

Definition 2.2.1. Let X be a smooth variety and V a locally-trivial (in etale topology) 
subbundle of TX. The subbundle V is called a distribution on X. The distribution V is 
called involutory, if for any sections £, r\ of V on any etale neighborhood of X the commutator 
[£, is also a section of V. 

The following proposition is standard (compare with [CdSW], Theorem 4.3, [AG], Sub- 
section 3.2). 

Proposition 2.2.2. Let X be a smooth variety and P a bivector of constant rank on X . 
Then the following conditions are equivalent 

(1) P is Poisson. 

(2) The distribution T P X is involutory and 

for all rational sections £, r], ( ofT p X. 
Note that P is uniquely determined by T p X and uj. 

Definition 2.2.3. A Poisson variety X is called symplectic, if it is smooth and for any x 
from any irreducible component X C X the equality rk^ P = dim X holds. 
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Definition 2.2.4. An irreducible Poisson variety X is said to be generically symplectic, if 
X max is symplectic. 

If a Poisson variety X is symplectic (resp., generically symplectic), then w is a symplectic 
form in the usual sense on X (resp., on X max ). 

2.3. Examples of Poisson varieties. 

Example 2.3.1. Let g be an algebraic Lie algebra. The algebra K[g*] = S(g) possesses a 
unique Poisson bracket {•,•} such that {£,r/} = [£,77] for all £,77 G g. Thus g* is equipped 
with the structure of a Poisson variety. The corresponding Poisson bivector P is given by 
Pa(C A rf) = (a, [£, 77]), a G g*. This implies = g*x. A locally-closed subvariety X C 0* is 
Poisson iff X is Int(g)-stable. In particular, an orbit O of the action Int(g) : 0* is a Poisson 
subvariety in 0*. This variety is symplectic, the corresponding symplectic form uj is called 
the Kostant-Kirillov form. Explicitly, cUaiC*^*) = a ([^ v])i a G O, ^, 77 G 0. 

Example 2.3.2. Let Y be a variety and Vect its sheaf of vector fields. The vector bundle 
T*Y = Spec(So Y {Vect)) is called the cotangent bundle of Y. The cotangent bundle is 
locally trivial iff Y is smooth. Let us equip X = T*Y with a natural Poisson structure. It 
is enough to do it locally and check that the obtained structures are compatible. Thus one 
may assume that Y = Spec(A) for an algebra A of finite type. In this case K[X] = Sa(D), 
where D = Dei (A, A) is the module of derivations of A. The algebra Sa(D) possesses a 
unique Poisson bracket {•, •} such that 

{fi, M = 0, {/1, d 1 } = tZi(/i), {d u d 2 } = [d 1 , d 2 ] : = d 2 d 1 - d ± d 2 , 

/i,/ 2 G A,d u d 2 G D. 

The uniqueness follows from the fact that A and D generate Sa{D). Let us sketch the proof 
of the existence. Firstly, using the construction of a tensor algebra, we prove that any x G 
D,a G A define derivations of the algebra Ta{D) (commutators with these elements). Then, 
considering Sa(D) as a quotient of Ta(D), one can prove that a, x define the derivations 
d a ,d x of Sa{D). Using an analogous argument and the Leibnitz rule, we can construct the 
derivation df of Sa(D) corresponding to / G Sa(D). The bracket {g, /} = df(g) has the 
required properties. 

The compatibility of these brackets follows from the uniqueness property. 

If Y is smooth, the Poisson structure constructed above coincides with the standard sym- 
plectic structure on T*Y (see. [V3], Ch. 2, Section 1.4). 

Note that, by construction, any regular vector field on Y defines an element in K[T*y]. 

Example 2.3.3. Let X, Y be Poisson varieties. The product X x Y is naturally equipped 
with a Poisson structure. 

Example 2.3.4. Let X be a Poisson variety, Y a variety, tp : Y — > X an etale morphism. 
Let us show that Y possesses a unique Poisson structure such that (p is a Poisson morphism. 
Let P x be the Poisson bivector on X. There is a unique bivector P Y on Y such that 
dipPy = Px- It remains to show that P Y is a Poisson bivector. The latter is an easy 
consequence of Proposition 2.2.2. 

Example 2.3.5. Let X be a Poisson variety, Y a normal irreducible variety, tp : Y — > X 
a morphism. Suppose that tp is etale in any point of an open subset Y° C Y reg such that 
codimy(F \ Y°) ^ 2. Let us show that Y possesses a unique Poisson structure such that tp 
is a Poisson morphism. By the previous example, Y° possesses a unique Poisson structure 
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such that ip\yo is a Poisson morphism. Since Y is normal, K[U] = K[U D Y°] for any open 
subset U C Y. This allows one to define a Poisson structure on the whole variety Y. Clearly, 
ip is a Poisson morphism. 

2.4. Stratification of a Poisson variety. The following proposition appeared in [Pol], 
Section 2. The proof is essentially contained in Corollaries 2.3, 2.4. 

Proposition 2.4.1. Let X be a Poisson variety. There exists a unique decomposition of 
X into the disjoint union of irreducible locally closed subvarieties X { fulfilling the following 
conditions: 

(a) Xi is a Poisson subvariety of X . 

(b) x t = xT ax . 

3. HAMILTONIAN ACTIONS 

In Subsection 3.1 we define Hamiltonian actions of reductive groups on Poisson varieties 
and study their simplest properties. In Subsections 3.2,3.3 we introduce some examples 
of Hamiltonian (respectively, conical Hamiltonian) varieties. In Subsection 3.4 we describe 
some classes of equidefectinal and strongly equidefectinal actions. Finally, in Subsection 3.5 
we use Hamiltonian actions of tori to prove the Zariski-Nagata theorem on the purity of 
branch locus. 

In this section X is a Poisson variety (not necessarily smooth or irreducible) and G is a 
reductive group acting on X by Poisson automorphisms. 

3.1. Main definitions and some properties. Assume that there is a linear map £ h- > 
from g to K[X] satisfying the following two conditions: 

(HI) L ( J = {HtJ} for any / G K(A),£ G 0. 
(H2) The map £ i— > is G-equivariant. 

Definition 3.1.1. An action G : X together with a linear map £ i— > satisfying (H1),(H2) 
is called Hamiltonian. If the action G : X is Hamiltonian, then X is said to be a Hamiltonian 
G-variety. The functions are called the hamiltonians of the action. The morphism 
Hg,x '■ A — > g* defined by {[/,g,x(x),Q = H^(x) for all x G X, £ G g is called the moment 
map. 

Since {H^,H V } = L^H V = -fq^i, I^g,x is a Poisson morphism. 

When X is symplectic, our definition coincides with the standard one, see, for exam- 
pie, [V3], Ch.2, §2. 

In the sequel we fix a G-invariant symmetric bilinear form (£,77) = try (£77) on q, where 
V is a locally effective G-module. This form is nondegenerate on any subalgebra f) C g 
corresponding to a reductive subgroup H C G. We identify h* with f) using this form. So 
one may consider the moment map as a morphism X — > g. 

Let V'G.x : A — * g//G be the morphism defined by t/>g,x — n G,g A^x- 

Remark 3.1.2. If H is a normal subgroup in G and A is a Hamiltonian G/if- variety, then 
A is naturally endowed with the structure of a Hamiltonian G-variety. The moment map 
Hg,x is the composition of Hg/h,x and the natural embedding (g/h)* g*. Conversely, if 
A is a Hamiltonian G-variety and a normal subgroup H C G acts trivially on A, we can 
consider A as a Hamiltonian G/H- variety with Hg/h,x = vt o where 7r:g^g/f)isa 

canonical projection. Note that any fiber of ipG,x is contained in a fiber of ipc/H,x- 
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Definition 3.1.3. Let X\,X 2 be Hamiltonian G-varieties, ip : X\ — > X2 a G-equivariant 
Poisson morphism. The morphism <p> is said to be Hamiltonian, if Hg,x^ = Hg,x 2 V 9 - K ^ is 
a G-stable subvariety of X such that the embedding Y X is Hamiltonian, then F is said 
to be a Hamiltonian subvariety of X. 

Proposition 3.1.4. Let X be a Hamiltonian G-variety and x e X ma:r . For t> e T% X, £ e 0, 

we /iawe 

In particular, d x /iG,x(T x X) = . 

Proof. The proof is completely analogous to the symplectic case, considered, for example, in 
[V3], Chapter 2, Subsection 2.4. □ 

We recall that the rank and the upper and lower defects of a G-irreducible Hamiltonian 
G-variety were defined in Definition 1.2.2. 

Remark 3.1.5. If X is symplectic, our definition of the defect coincides with that given 
in [V3], Subsection 2.5. 

The following properties of the rank and the defects follow directly from the definition. 

Lemma 3.1.6. (1) Suppose that X is a G-irreducible Hamiltonian G-variety and X is 
an irreducible component of X . Then def G (X) = def G o(Xo) ; deio(X) = defG°(X ), 
rk (; (.V) rk (; (.V„) . 

(2) Let Xi,X 2 be G-irreducible Hamiltonian G -varieties, ip : X\ — > X 2 a dominant 
generically finite Hamiltonian morphism. Then def G (Xi ) = def G (X 2 ) 7 def G (Xi) = 
^.•(.V,). rlv.-i.V,) rk ( ;(.V,). 

The next proposition is the main property of the upper and lower defects. 

Proposition 3.1.7. Let X be G-irreducible. There are the inequalities 



defcpQ ^ dei G (X),m G (X) <: dim/i G , x (X), 

simultaneously turning into equalities. If X is generically symplectic, then these inequalities 
turn into equalities. 

Proof. The case when X is symplectic can be found in [V3], Chapter 2, Subsections 2.4,2.6. 
In the general case the proof is analogous. □ 

Remark 3.1.8. Let us give an example when the inequalities of Proposition 3.1.7 are strict. 
Let X be an irreducible Poisson variety with the zero Poisson bracket. Let the torus (K x ) n 
act trivially on X. For the moment map one may take an arbitrary nonconstant morphism 
X-^K n / 

Corollary 3.1.9. The following assertions are equivalent: 

(1) def G (X) = def G (X) =rkG. 

(2) m G {X) = dimG. 



Proof. (1) =>■ (2). By Proposition 3.1.7, dim /j,G t x(X)//G — rkG. Since a general fiber of 7r Gi0 
is a single orbit, it follows that hg,x{X) = g. But def G (X) = def G (X). Proposition 3.1.7 
implies m G (X) = dimG. 

The proof of (2) =^ (1) is analogous. □ 
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3.2. Examples of Hamiltonian varieties. 

Example 3.2.1. Let X be a locally closed G-stable subvariety in g = g*. By Example 2.3.1, 
X is a Poisson variety. Put = £\ x G K[X}. It is checked directly that the pair X, (H^) 
satisfies the conditions (H1),(H2). So X is a Hamiltonian G- variety. The moment map is 
the embedding X <^-> g. 

Example 3.2.2. Let Y be a G- variety and X = T*Y (see Example 2.3.2). Being a global 
vector field on Y, the velocity vector field G g, defines the function H% G K[X]. The 
group G acts naturally on X. The pair X,(Hg) clearly satisfies (H2). Note that L^rj = 
[£*,rj\ for any open subset U C Y, rj E Vect(U),£ G g. It follows from the construction of 
the Poisson structure that the pair X,(H^) satisfies (HI). The moment map is given by 

{HG,x(y> «). = («. 6s/>» 1/ G F, a G T*Y, £ G 0. 

If K is smooth, the Hamiltonian structure constructed above coincides with the standard 
one, see [V3], Ch.2, §2, Example 1. 

Example 3.2.3. Let X be a Hamiltonian G-variety, X its normalization, tp : X — > X the 
canonical morphism. The G- variety X can be equipped with a unique Hamiltonian structure 
such that tp is a Hamiltonian morphism. 

Example 3.2.4. Let X be a Hamiltonian G-variety, Y a Poisson subvariety of X. Since 
the ideal sheaf of Y is stable under the brackets with H^, ( 6 g, the subvariety Y C X is 
G°-stable. If GF = F, then the pair (Y, (if^y)) satisfies (H1),(H2). Thus Y becomes a 
Hamiltonian subvariety of X. 

Example 3.2.5. Suppose X 1? X 2 are Poisson varieties, groups G±, G 2 act on X 1; X 2 , respec- 
tively, and these actions are Hamiltonian. Then the action G\ x G 2 : Xi x X 2 is Hamiltonian. 
The moment map is given by the formula A* Gl xG 2 ,XixX 2 (^i, x 2 ) = fJ-Gi^CiM + Hcia^M for 
xi e X l} x 2 G X 2 . 

Example 3.2.6. Let X be a Hamiltonian G- variety, Y an irreducible normal G- variety and 
<p : Y — > X a G-equivariant morphism satisfying the assumptions of Example 2.3.5. Then 
Y is equipped with a unique Poisson structure such that tp is a Poisson morphism. Since 
this structure is unique, it is G-invariant. Let H* be the hamiltonians for the action G : X. 
Put Hj = tp*(H*). Clearly, the pair Y, (Hj) satisfies (H2). It is easily deduced from the 
uniqueness of a lifting of a derivation ([Le], Chapter 10) that this pair satisfies also (HI). 
Note that hg,y = Hg,x ° V 9 whence tp is a Hamiltonian morphism. 

Example 3.2.7. In particular, let rj e g, H be a subgroup of finite index in G,,. Since 
all adjoint orbits have even dimension, the algebra K[Gr/] is finitely generated (see. [PV2], 
Section 3.7). But K[G/H] is the integral closure of K[Grj\ in K(G/H). Thus K[G/H] is 
finitely generated. The natural morphism tp : Spec(K[G/iJ]) — > Gr] satisfies the assumptions 
of Example 3.2.6. So X = Spec (IK [G/ff]) is equipped with the structure of a Hamiltonian 
G- variety. The equality /jLg,x = ¥ holds. Note that G/H is an open subset in Spec(K[G/if]) 
and thus a Hamiltonian G-variety. This variety is symplectic. 

Example 3.2.8. There is an important special case of the previous construction. Let G = 
Sp(V), where V is a symplectic vector space with a constant symplectic form u, and rj a 
highest weight vector of g. Then the G-variety V coincides with Spec(K[G/(G,,) ]). The 
corresponding Poisson bivector corresponds to uj. The moment map is given by (see [V3], 
Chapter 2, Example 2) (iig,v(v),£) = \u(£v,v),v G V, £ eg. 
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Example 3.2.9. Let X be a Hamiltonian G-variety with the hamiltonians H^, £ G 0, and ii 
a reductive subgroup in G. Then the H- variety X and the linear map I) — > K[X],£ i— > ii^, 
satisfy (H1),(H2). Thus if : X is a Hamiltonian action. The moment map [Ah,x is the 
composition of Hg,x an d the restriction map q* — > h*. In particular, any linear action of a 
reductive group on a symplectic vector space becomes Hamiltonian. 

Example 3.2.10. Suppose X is a Hamiltonian G-variety, and a reductive group H acts on 
X by Hamiltonian automorphisms. Suppose the good categorical quotient X//H exists (for 
example, X is affine or X is quasiprojective and H is finite). Then X//H is equipped with 
a unique structure of a Hamiltonian G-variety such that tih,x is a Hamiltonian morphism. 

3.3. Conical Hamiltonian varieties. A conical Hamiltonian variety was defined in the 
Introduction, Definition 1.2.6. 

Example 3.3.1. Let if be a reductive group. The group K x acts on f) as usual, that is 
(t, x) i — > tx, t G K x , x G f). Let X be a closed if -stable cone in f) (a cone in h, is, by definition, 
a K x -stable subset). For any reductive subgroup G C H the Hamiltonian G-variety X (see 
Examples 3.2.7 and 3.2.9) equipped with the action of K x induced from () is conical of degree 
1. 

Example 3.3.2. Let G : V be a linear Hamiltonian action (see Examples 3.2.8, 3.2.9). The 
Hamiltonian G-variety V together with the action K x : V given by (t, v) h- > tf is conical of 
degree 2. 

Example 3.3.3. Let Y be an affine G-variety and X = T*Y (see Example 3.2.2). The 
variety X is a vector bundle over Y . Therefore there is the action IK X : X by the fiberwise 
multiplication. The Hamiltonian G-variety X equipped with this action of K x is conical of 
degree 1. 

Example 3.3.4. If X is a conical Hamiltonian G-variety, then any G-stable union of irre- 
ducible components of X is a conical variety. 

Example 3.3.5. Let X be a conical Hamiltonian G-variety. The action K x : X can be lifted 
to the action of K x on the normalization X of X. The Hamiltonian G-variety X equipped 
with this action is conical. 

The following lemma describes some basic properties of conical varieties. 

Lemma 3.3.6. Let X be a conical Hamiltonian G-variety of degree k. Then 

(1) G im^c,x- 

(2) Suppose X is irreducible and normal. Then the subalgebra K[Ca,x] C K[X] G (see the 
Introduction for the definition of Cq,x) is K x -stable. The morphisms ipc,x '■ X — > 
Cg,x, t~g,x '■ Cg,x — ► q//G are K x -equivariant, where the action K x : g//G is induced 
from the action K x : q given by (t,x) i— > t k x, t e K x ,x e 0. 

(3) Under the assumptions of the previous assertion there exists a unique point A € Cg,x 
such that t G x(A ) = 0. For any point A G Cg,x the limit \im t _> t\ exists and is equal 
to Ao- 

Proof. Let x G X. It follows from (Conl) that there exists the limit y = lim^ tn Gj x(x). 
By (Con2), fiG,x//G(y) = 0. This proves the first assertion. 

The morphism ipG,x '■ X — > q//G is K x -equivariant by (Con2). Therefore the integral 
closure of ip GtX (K[o\ G ) in K(X) G , that is, K[Ca,x], is K x -stable. This proves assertion 2. 
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Assertion 3 follows easily from the observations that Cg,x is irreducible and tq,x is K x - 
equivariant. □ 

3.4. Equidefectinal and strongly equidefectinal Hamiltonian varieties. The defini- 
tions of equidefectinal and strongly equidefectinal Hamiltonian varieties were given in the 
Introduction (Definitions 1.2.4,1.2.8). 

Lemma 3.4.1. Suppose X is a G -irreducible Hamiltonian G -variety such that mci{X) = 
dimG or some component of X is generically symplectic. Then X is equidefectinal. 

Proof. If ma(X) = dimG this follows directly from Proposition 3.1.7 and Corollary 3.1.9. 
Now suppose X is generically symplectic. By Proposition 3.1.7, m G (X) = dimim/i^x- 



Note that im^g^ = im fx G X //G. Every fiber of the quotient morphism imfx G X — > im. ipa,x 
consists of finitely many orbits. Therefore the maximal dimension of a fiber coincides with 
rkc(X). Hence ma(X) — rkc(X) = dim im ipc,x ■ D 

Lemma 3.4.2. Suppose that X is a Hamiltonian G-variety such that any stratum described 
in Proposition 2.4-1 is a symplectic variety. Then X is strongly equidefectinal. In particular, 
any symplectic variety X is strongly equidefectinal. 

Proof. This follows easily from Lemma 3.4.1. □ 

Lemma 3.4.3. Let X, Y be Poisson varieties and (p : X — > Y a Poisson morphism. Then 

(1) For any Poisson subvariety X' C X the closure of ip(X') is a Poisson subvariety of 
Y. 

(2) Suppose that the stratification of Y consists of symplectic varieties. Then the same 
is true for X provided ip is finite and dominant. 

Proof. The first assertion is straightforward. 

Proceed to assertion 2. Note that any irreducible Poisson subvariety of Y is generically 
symplectic. Let X' be an irreducible locally closed Poisson subvariety of X. The subvariety 
<p{X') C Y is Poisson. Since <p is finite, the ranks of Poisson bivectors on Xi and on ip(Xi) 
coincide. Thus X' is generically symplectic. It remains to apply this observation to the 
strata of X. □ 

Corollary 3.4.4. Let G be a connected reductive group, Gq its reductive subgroup, and 
H a subgroup of finite index in G v . The Hamiltonian Go-variety Spec(K[G/if]) is strongly 
equidefectinal. 

Proof. Apply Lemma 3.4.3 to the morphism Spec(K[G/if]) — > Gr] and use Lemma 3.4.2. □ 

The following lemma is used in the proof of Theorem 1.2.9. 

Lemma 3.4.5. Let X, Y be Hamiltonian G-varieties and ip : X — > Y an Stale Hamiltonian 
morphism. IfY is strongly equidefectinal, then so is X. 

Proof. Let Y — Yi be the stratification of Y satisfying the claims of Definition 1.2.8. 
Since ip is etale, one can see that Xi = v? _1 (^) is a Poisson subvariety of X. The morphism 
tp\xi '■ Xi — * Yi is automatically Poisson and etale. Thence Xi is smooth. Let Xi = 
be a unique stratification of Xi by G-irreducible unions of components. This stratification 
satisfies the requirements of Definition 1.2.8. □ 
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3.5. An application of Hamiltonian actions: the Zariski-Nagata theorem on the 
purity of branch locus. In this subsection we generalize the Zariski-Nagata theorem, 
see, for example, [D], Chapter 4, Subsection 1.4. However, our generalization can be easily 
deduced from this theorem. 

Proposition 3.5.1. Let X,Y be irreducible varieties of the same dimension, if :Y — > X a 
dominant morphism. Suppose Y is normal, X is smooth. Then the complement in Y to the 
open subset Y° = {y e Y\tp is Stale in y} is a subvariety of pure codimension 1. 

Proof. Removing all components of Y \Y° of codimension 1, we may assume that codimy Y \ 
Y° ^ 2. Further, any point x G X has a neighborhood admitting an etale morphism to A n 
(see, for example, [D], Chapter 2, Subsection 6.3.). So we may assume X = A n ,Y is affine. 
Put T = (K x ) n . The action T : T*T = T x A n is Hamiltonian (Example 3.2.2). Consider 
the action T : T x Y, where T acts on Y trivially and on T by left translations, and the 
T-equivariant morphism $ : T x Y — > T x A n ,Q(t,y) = (t,tp(y)). This morphism satisfies 
the conditions of Example 3.2.6, thus the action T : T x Y is Hamiltonian. If Y is smooth, 
then ip is etale because Y\Y° is the set of zeroes of the Jacobian of if. Assume that Y is not 
smooth. Corollary 2.4 in [Pol] implies that T x Y smg = (T x Y) sm9 is a Poisson subvariety 
in T x Y. The action T : (T x Y) sin9 = T x Y sin9 is Hamiltonian (Example 3.2.4). Choose 
an irreducible component Z C T x Y sing . We see that dei T (Z) ^ dim Z//T = dimY sm9 < 
dimF = dimT = def T (Z). This contradicts Proposition 3.1.7. □ 

4. Central-nilpotent Hamiltonian varieties 

Throughout this section G is a connected reductive algebraic group, X is an irreducible 
quasiprojective CN Hamiltonian G-variety (see Definition 1.3.1). 

Since X is CN as a Hamiltonian G-variety, X is CN also as a (G, G)-variety. In other 
words, the image of ^{g,g),x consists of nilpotent elements. The number of nilpotent orbits 
is finite. Thus there is a unique open orbit Grj C imfi( G ^ G ^ X - Put X° = ix G 1 x {Grj). This is 
a G-stable open subset of X . 

In the first two subsections we study the structure of the Hamiltonian G-variety X. In Sub- 
section 4.1 we describe the variety X° for an arbitrary normal variety X. In Subsection 4.2 
we describe the whole variety X provided that X is, in addition, affine. The description is 
carried out for groups G such that Z(G)° n (G, G) = {1}, in this case G ^ Z[G)° x (G, G). 
This requirement is not restrictive: any connected reductive group possesses a covering sat- 
isfying the requirement. 

In Subsection 4.3 we prove that the dimension of a fiber of ipc,x for an irreducible CN 
Hamiltonian variety X does not exceed dimX — def G (X). This gives us a proof of Theo- 
rem 1.2.3 for CN varieties. 

In Subsections 4.4 and 4.5 Theorems 1.2.5,1.2.9 are proved for central-nilpotent varieties 
X. 

4.1. The structure of X°. Let X be normal, G = Z(G)° x (G, G), r], X° such as above. We 
put O := G/iGr,) (G, G)/((G, G) v )°. This is a Hamiltonian G-variety (see Example 3.2.7). 

Let X be a quasiprojective Hamiltonian Z(G)°- variety. Since G = Z(G)° x(G, G), we 
can consider X as a Hamiltonian G-variety. Let T be a finite group acting on X x O 
by Hamiltonian automorphisms. The quotient (X x 0)/Y is equipped with the natural 
Hamiltonian structure (see Example 3.2.10). 

The main result of this subsection is the following 
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Theorem 4.1.1. There exist a Hamiltonian Z {G)° -variety X and a finite group T acting 
freely onX Q xO by Hamiltonian automorphisms such thatX = (X xO)/T (the isomorphism 
of Hamiltonian G-varieties). 

The theorem is proved in the following lemmas. 

Lemma 4.1.2. ((G, G% G x0c) )° C (G, G) x C (G,G)^ G x{x) for any x e X°. 

Proof. By the choice of rj, im //(g,g),x = Grj. Proposition 3.1.7 implies that dim(G, G)x 
= dim(G,G)r). Since (G,G) X C (G, G)^ G x (x)-> we are done. □ 

Lemma 4.1.3. Let G be an algebraic group, H its subgroup, Y a quasiprojective H-scheme, 
X = G *h Y (this homogeneous bundle exists by [PV2], Section 4-8)- Then 

(1) Y is H -irreducible iff X is G -irreducible. 

(2) X is normal iffY is so. 

Proof. The first assertion follows directly from the definition of homogeneous bundles. 

Proceed to assertion 2. Clearly, if Y is a normal variety, then so is G *h Y. Suppose 
now that G * H Y is a normal variety. Let Y red denote the variety associated with Y. The 
canonical morphism G *h Y — > G *h Y re d is an isomorphism. Hence Y = Y re a. If Y is the 
normalization of Y, then G *n Y is the normalization of G *n Y. Thus Y is normal. □ 

Lemma 4.1.4. The morphism of schemes ip : G *g v 1\gg) xiv) ~ * ^ ^ s an °P en embedding 
with the image X°. The subscheme fJ>^GG)x( r i) C X is a normal G v -irreducible subvariety. 

Proof. Obviously map = X°. On the other hand, the morphism H(g,g),x° '■ X° — > G/G v 
is G-equivariant. So ip induces an isomorphism of G-schemes X° = G * Gi) I^q G) xi^) ■ ^ 
Lemma 4.1.3, A*(g g) ls norma l an( i G^-irreducible. □ 

Choose a component X of ^GG)x( r l) anc ^ denote by H its stabilizer in the group G v . 
Note that (G,,) C H and that X ' = G * H X . The action of ((G, G)^) on X is trivial by 
Lemma 4.1.2. 

Put T = H/(G V )° ^ (H n (G,G))/((G,G) V )°. This is a finite group acting freely on O 
by Hamiltonian automorphisms (the action is by the right translations). Since the action of 
((G, G)^) on X is trivial, T acts also on X by Z(G)°-automorphisms. Further, T = H/H° 
acts on G *h° X , j\g,x\ = jx], g G G,x e X ,7 G T, where 7 is an element from 

H mapping to 7 under the natural projection H — > H/H°. So the natural morphism 
G *#o Xo — > G *h Xo = X° is the quotient for the action of T. 

Consider the natural morphism (G, G) x X — > G X , (^, x) 1— > x]. Since ((G, G) T; )° 
acts trivially on X , this morphism factors through O x X = (G,G)/((G,G) V )° x X — > 
G*h° X. The latter is clearly an isomorphism. The action of T on O x X as on the product 
of T- varieties coincides with the action on G *#o X . This action is free. 

To complete the proof of Theorem 4.1.1 it remains to prove the following 

Lemma 4.1.5. There exists a Poisson bracket on Xq such that the action Z(G)° : Xq is 
Hamiltonian with the moment map hg,x\x — f], the group T acts on X by Hamiltonian 
automorphisms and the morphism OxI -» X° is Hamiltonian. 

Proof The morphism 7rr,oxx„ : O x X — > X° is etale. Lift the Hamiltonian structure from 
X° to G *ffo X = O x X . Clearly, T acts on O x X by Hamiltonian automorphisms. 
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Let us introduce a Poisson bracket on X . For x E X the map H(g,g),x is a covering 
(G, G)x — > (Lemma 4.1.2) thus (G, G)x is equipped with the Poisson bracket lifted from 
Grj. We denote this bracket by {•, •}( G ' G ) :r . 

Identify X with X x {efP} C X x O. For f,gE O O xx ,x and y E X put 

(4.1) {/,<?} Xo (y) = {/,<?}(</) - {/l(c, G ),^l(c, G)y } (G ' G)?/ . 

is an element of Xo , x - For t E Z(G)°,y E X the equality {tf,tg} x °(ty) = 
{f,g} x °(y) holds. Let us check that {•, -} x ° is a Poisson bracket on K(X ). In the proof we 
may assume that G is semisimple. 

Denote by P the Poisson bivector of the variety O x X . Let us show that P x E /\ 2 T X X © 
/\ 2 g*x for x E Xq in general position. We may assume that X is affine and smooth. We 
shall see now that for / E K[X ] C K[X xO],gE K[0] C K[X x O] the equality {/, g} = 
holds. Note that / E K[Xo x 0] G whence / commutes with any hamiltonian H^,^ E g. 
Note that is constant on X . Since the space Span K (if£,£ E g) is G-stable, E K[0]. 
Moreover, K[0] is algebraic over the subalgebra generated by H^t; E g. It follows from the 
uniqueness property of a lifting of a derivation that {K[X ], K[0]} = 0. 

Since P is G-invariant, the projection of P x to /\ 2 T x Xq for x E Xq depends only on the 
X -component of x. This projection is a Poisson bivector on X . On the other hand, this 
is the bivector corresponding to the bracket So X is Poisson, and the Poisson 

structure on O x X is the product structure. 

Now let G be not necessarily semisimple. It remains to show that the action Z(G)° : X is 
Hamiltonian with the moment map /i := Hg,x\x ~ V- Clearly, /i is Z(G)°-invariant. Recall 
that G acts on X x O as on the product of G- varieties and the action of Z(G)° on O is trivial. 
Thus v(H^) x = v(H^\ Xo )x f° r x ^ X ,t; E 3(g). In the LHS (resp., RHS) of the previous 
equality v denotes the Hamiltonian vector field on O x Xo (resp. Xo = Xq x {eH°}). Thus 
the functions H^\x ,^, E 3(5), satisfy condition (HI). □ 

There is the natural embedding 3(g) = g G g//G. 

Corollary 4.1.6. Let G,X be as above. Then 

(1) imip G>x C 3(g) and ip G ,x = i>z(G°),x- 

(2) def G (X) = def z(G) o(X) ; def G (X) = def z(G)0 (X). 

Proof. The first assertion follows directly from the definitions. To prove the second one we 
may assume that X = Xq x O (in the notation of the previous theorem). In this case our 
assertions are obvious. □ 

4.2. The affine case. We preserve the notation of the previous subsection and suppose 
that X is affine. Recall that G is a connected group such that G = Z(G)° x (G, G). 

We have a Hamiltonian open embedding (X x 0)/Y X with the image X°. Note 
that X is a closed subvariety in X. In particular, X is affine. Denote by O the affine 
Hamiltonian variety Spec(K[0]). X x O is embedded into X Q x O as an open subset with 
the complement of codimension not less than 2. Thus we have the action T : X x O by 
Hamiltonian automorphisms and the Hamiltonian morphism 1 : (X x O) /V — > X extending 
the embedding (X xO)/T ^ X. 

Theorem 4.2.1. The morphism 1 defined above is an isomorphism. 

In the proof of the theorem we use the following lemma proved, for example, in [Kr], 
Section 3.4. 
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Lemma 4.2.2. Let X, Y be irreducible affine varieties and ip : X a birational morphism 
such that im(p contains an open subset Y° C Y with codimy(F \ Y°) > 1. Suppose Y is 
normal. Then ip is an isomorphism. 

of Theorem 4-2.1. It is enough to prove that codimx A" \ A ^ 2 (Lemma 4.2.2). In the 
proof we may replace G with (G, G) and assume that G is semisimple. The proof is in three 
steps. 

Step 1. Let us prove that /ig,x\g^ is a finite morphism for x G A . This would imply, in 
particular, that the closed G-orbit in Gx is a point for x G A (and hence, in virtue of the 
Luna slice theorem, for any x G X). 

Put A = K[Gx], B = K[Gi]]. The dominant morphism i^g,x '■ Gx — > Grj induces the 
monomorphism B ^ A. The corresponding extension of the fraction fields Quot(-B) C 
Quot(A) is finite, its degree is equal to #(G V /G X ). Denote by A, B the integral closures 
of A and B in Quot(A). Since A, B are integrally closed in Quot(A), one gets Quot(A) = 
Quot(.B) = Quot(A). Moreover, the algebra extensions A G A, B G B are finite and A, B 
are stable under the action of G on Quot(A). Put Z\ = Spec(A), Z2 = Spec(B). These are 
normal G-varieties. We obtain the following commutative diagram 
Z x ^ -Z 2 




i>2 

Here the morphisms ipi,ip2 are finite and the morphisms ipi,^p\ are birational. Note that 
both Z\ and Z 2 contain an open orbit isomorphic to Gx. Being birational and G-equivariant, 
the morphism tpi induces an isomorphism of these orbits. Further, note that the G-variety 
Gr] contains only finitely many orbits and the dimensions of all these orbits are even. Taking 
into account that ip2 is finite, we get coding (Z2 \ Gx) ^ 2. Lemma 4.2.2 implies that tpi is 
an isomorphism. Thus </?2 is finite. 

Step 2. Here we prove that ^^(0) = X G . Clearly, fiG,x(X G ) = 0. Let x G /^^(O). At 
first, we show that C g consists of nilpotent elements. Denote by Xi the stratum of X 
(see Proposition 2.4.1) containing x. By Example 3.2.4, Xi is a Hamiltonian subvariety. By 
the definition of X 1; x G X\ . Proposition 3.1.4 implies 

(4-2) d xP L G , Xl (T x p X 1 )=Q^. 

Let M denote the cone in g consisting of all nilpotent elements. Note that im ixq,x^ C M . 
Thus im d x iiG,x x coincides with the image of the morphism of the tangent cones T X X\ — > M 
induced by Hg,x x - So im d x iXQ,x^ c A/". Using (4.2), we see that g^ G Af. By Theorem 1 
from [B], Chapter 7, §10, g x is a parabolic subalgebra of g. Since G/G x is quasiaffine, we 
get g x = g. 

Step 3. Let us complete the proof. Denote by Z an irreducible component of X \ X°. 
This is a G-stable subvariety in X. Denote by rji an element from a unique open G-orbit in 
Hg,x{Z). The intersection Z n X G is non-empty because Z G X is closed and any closed 
G-orbit consists of one point (step 1). Thus G /ig,x(Z). Since the dimension of any fiber 
of a morphism is not less that the dimension of a general one, 

(4.3) dimZ fl ^(0) ^ dimZ n I^G^xiVi) = dimZ — dimGr^i. 
On the other hand, 

(4.4) dimZn/^yO) ^ dim^ 1 x (0) = dimX G , 



18 



IVAN V. LOSEV 



thanks to step 2. By step 1, 

(4.5) dim X G = dim X//G ^ dim X - m G {X) = dim X - dim Grj. 

It follows from (4. 3), (4. 4), (4. 5) that dim Z — dim Gr\\ ^ dimX — dimGrj. Since the dimension 
of any adjoint orbit is even, dimGr] ^ dimG^i + 2. Therefore dimZ ^ dimX — 2. □ 

Corollary 4.2.3. Let G be an arbitrary connected reductive group and X an irreducible 
affine CN Hamiltonian variety. Then: 

(1) Any closed orbit for the action (G, G) : X is a point. 

(2) Any irreducible component of a fiber of it(g,g),x contains a dense (G,G)-orbit. 

(3) The restriction of K(g,g),x '■ A — > X//(G,G) to ^7gg)x(^) ^ s a fi n ^ e bijective mor- 
phism. In particular, if X is normal, then this is an isomorphism. 

(4) defopQ = dd z{G)0 (X//(G,G)), def G (X) = dd z(Gr (X//(G,G)). Here X//(G,G) 
is equipped with the structure of a Hamiltonian Z(G)° -variety according to Exam- 
ple 3.2.10. 

Proof. Let us check that (G, G)x is closed iff x e A( G,Gf) iff ^( G ,g),x(x) = 0. Indeed, to prove 
this we may replace X with its normalization. Then we are done by the previous theorem. 

Now to prove the third assertion it is enough to show that the morphism tt(g,g),x\x( g ' g ) 
is finite. Let X be the normalization of X. Then the natural morphisms X//(G,G) — > 
Xjj (G, G), X( G ' G ) — > x( G ' G ^ are finite and dominant. To prove assertions 2-4 we may assume 
that X is normal. Also we may assume that G is connected and G = Z(G)° x (G, G). Now 
our assertions are direct consequences of Theorem 4.2.1 (in the notation of this theorem the 
Hamiltonian Z(G)°- variety X//(G,G) is isomorphic to X /T). □ 

Now we consider the case of a smooth variety X. 

Proposition 4.2.4. Let G = Z(G)° x (G, G), X be smooth and affine and the action G : X 
locally effective. In the preceding notation, (G, G) = Sp(2mi) x . . . x Sp(2mfc) ; O is the direct 
sum of the tautological Sp(2mfc) -modules, X is smooth and the action T : X x O is free. 

Proof. It follows from Theorem 4.1.1 that the morphism 7r r Xo xO '■ -^-o x O — > X is etale 
in codimension 1. By Proposition 3.5.1, t[ FX)X q is etale. Therefore Xo x O is smooth 
and the action of T is free. It follows from the Luna slice theorem that O is a (G, G)- 
module. Note that O is symplectic as a (G, G)-module. It is enough to prove that if G is 
simple, then G = Sp(2m) and O is the tautological Sp(2m)-module. In [VI] the list of all 
linear representations of simple groups possessing a dense orbit is given. Only one of these 
representations is symplectic. □ 

4.3. An estimate on the dimension of a fiber of ipG,x- 

Proposition 4.3.1. Let G be a connected reductive group, X an irreducible CN Hamiltonian 
G-variety. Then the codimension of any fiber of ipG,x is not less than def G (X). 

Proof. Using Corollary 4.1.6, we may replace G with Z(G)° and assume that G = T is a 
torus. Further, we may assume that X is normal. 

To prove the proposition in this case we need three lemmas 

Lemma 4.3.2. Let T be a torus, X an irreducible affine T-variety and Z an irreducible 
component of a fiber of n TjX - If the action T : X is locally effective, then so is the action 
T : Z. 
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of Lemma 4-3.2. Assume the converse: there exists a non-trivial connected subgroup T C T 
acting trivially on Z. Choose a point z G Z not lying in another component of ii^ x (y), where 
V = TtT,x{z)- We see that 

( 4 -6) ^tIx^TvAz)) C 7iYx(y). 

But the action T : Z is trivial. This yields 

(4-7) n T l x ^ T{hX {z))nZ = {z}. 

It follows from (4.6), (4.7) and the choice of z that t^To x^t q ,x{z)) = {z}. This implies that 
any fiber of the quotient morphism ttt ,x is trivial. In other words, the action To : X is 
trivial. Contradiction. □ 



Lemma 4.3.3. Let T be a torus and X a smooth irreducible Hamiltonian T-variety such 
that the action T : X is locally effective. Then for all r] G im Ht,x any irreducible component 
°f / i T,x( r ?) contains a point x such that d x fj,r,x '■ T X X — > t is surjective. 

of Lemma 4-3.3. Let a; be a point lying in a component Y of H^xiv) an d not lying in another 
component. There exists a T-stable open affine neighborhood of x in X ([Su]). Thus one 
may assume that X is affine. 

By the choice of x, any irreducible component of ix t 1 x {tit,x{x)) containing x is contained 
in Y. It follows from Lemma 4.3.2 that Y contains a point X\ such that dimTxi = dimT. 

Let X' be a stratum (see Proposition 2.4.1) of X containing x±. By Example 3.2.4, 
X' is a T-stable subvariety of X and the action T : X' is Hamiltonian with the moment 
map fiT,x> = [J>t,x\x'- Proposition 3.1.4 and the equality dimT^i = dimT imply that 
fJ>T,x' = fJ>T,x\x' is a submersion in x\. In particular, ht,x is a submersion in x\. □ 

Lemma 4.3.4. Let T be a torus, X an irreducible affine T-variety, X\ a T-stable subvariety 
ofX. Then dimX 1 -m T (Ii) ^ dimX-m T (X). 

of Lemma 4-3-4- We may assume that the action T : X is locally effective. Let T\ denote the 
inefficiency kernel for the action T : X\. Then dimXi — mr(Xi) = dimA^ — dimT + dim T\ = 
dimX - dimT - (dimX - dimTx - dimXj ^ dimX - dimT - (dimX//7i - dimXi). It 
remains to notice that dimXi = &\yciXi//Ti ^ dimX//Tx. □ 

The proof of the proposition is by induction on dimX. The case dimX = is obvious. 

Let T denote the inefficiency kernel for the action T : X. Using Remark 3.1.2, we may 
replace T with T/T and assume that the action T : X is locally effective. Let us choose 
a G t and prove that dim/i^ 1 x (o;) ^ dimX — dimT. Choosing a point on ^} x {a) and 
replacing X with an invariant affine neighborhood of this point, we may assume that X is 
affine. 

Let X = X U X 1 U . . . U X k be the stratification introduced in Proposition 2.4.1, where 
Xq is an open stratum. By the inductive assumption, dim/i^ 1 x (a;) fl ^ dimXj — m T (Xi) 
for % > 0. It follows from Lemma 4.3.4 that dimXj — mypQ) ^ dimX — dimT. It 
remains to show that dim/z^^ (a) ^ dimX — dimT. By Lemma 4.3.3, for any irreducible 

component Z of /i^^a) there exists z G Z such that ^t,x is a submersion in z. This 
implies dim Z = dim X — dim T. □ 
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4.4. On the structure of Cg,x,t g ,x- Put <Xg,x = im'/'cx- The space 3(5) = q g is natu- 
rally embedded into q//G. Since X is CN, ac,x lies in 3(0) and coincides with im fJ,z(G)° ,x = 
<*z(G)°,x- Denote by r GX the embedding a G ,x -> fl//G and by 7^ : C GjX -> a G ,x a unique 
morphism such that t g ,x = t g,x t g,x- 

Proposition 4.4.1. Let t be the Lie algebra of the inefficiency kernel of the action Z{G) : 
X . Suppose X is equidefectinal. Then <Xg,x is o,n affine subspace of 3(0) of dimension 
deic(X) intersecting to in a unique point. 

Proof. The claim on the dimension of <Xg,x is obvious. By Corollary 4.1.6, defc(X) = 
def z(G)° (X) ■ Therefore we may replace G with Z(G)° and assume that G = T is a torus. 
Denote by To the connected subgroup of T corresponding to to. Let £ be a point in im Ht ,x 
and Z be an irreducible component of fJ>Tox(£)- Since T acts trivially on X, /i^ 0jX (K[to]) lies 
in the center of K(X). Thus Z is a component of a Poisson subvariety of X. Proposition 2.1.3 
implies that Z C X is a Poisson subvariety. Since T is connected, any Poisson subvariety 
in X is Hamiltonian (see Example 3.2.4). For £ e im/iT ,x i n general position we get 
def r (Z) = itlt{Z) = dimT — dimTo = defr(X). Thus defy^) = defr(Z) + dimim/z^x ^ 
defr(X) + dimim/iT ,x- This implies that im/iT ,x is a point. Note that this point is the 
(orthogonal) projection of im Ht,x to t . Hence \m^ TjX is contained in an affine subspace in 
t of dimension defy(X) intersecting to in a unique point. Comparing the dimensions, we see 
that im fiT,x coincides with this affine space. □ 

The following proposition is the main result of this subsection. 

Proposition 4.4.2. Let G be a connected reductive group, X a normal irreducible equide- 
fectinal CN Hamiltonian G-variety. Then imi/j G ,x is an open subset of Cg,x o,nd the restric- 
tion ofr GX : C G ,x -> o. G ,x to im^ G ,x is Stale. 

Proof. Recall that, by definition, Cq,x is a normal variety. Since defc^X) = def G (X), the 
morphism ipG,x is equidimensional by Proposition 4.3.1. An equidimensional morphism to 
a normal variety is open (see [Ch]). In particular, imi/j G ,x is an open subset of Cq,x- 

Since G is connected, K(X) G is algebraically closed in K(X). Therefore K[C Gi x] is an 
integral closure of ^ x (K[g] G ) in K(X). It follows from Corollary 4.1.6 that % jX (K[g] G ) = 
il> Z ( G )° xC^-liis)])- ^ n other words, the varieties Cg,x and Cz(g)°,x are naturally isomorphic 
and Tp Gt x = $z{G)°,x, t g ,x = t Z (g)°,x- By the definitions of a G ,x,r GX , we have a G ,x = 
Q-z(G)°,x, t g x = T z(G)° x- Therefore we may assume that G = T is a torus. 

Denote by To the inefficiency kernel for the action T : X. Since X is equidefectinal, 
dima TiX = dim T/T . Thus $r )A -(K[t]) = ^r/To.xW/to]), in other words, C T ,x and C t /t ,x 
are naturally isomorphic. By Proposition 4.4.1, the restriction of the projection t — > t/to to 
<Xt,x is an isomorphism. Clearly, we have the commutative diagram 




Ct/t ^x *" t/% — &T/T ,X 

Therefore we may assume that the action T : X is (locally) effective. Let us show now 
that tt,x '■ Ct,x — ^ t is etale in points of C™ 9 X fl ^T,x(X reg ). Indeed, for any y e C™ 9 X and 
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any x G X reg fl ipTxiv) we have d x fix,x — d>y T T,x ° d x ipr,x- By Lemma 4.3.3, there exists a 
point x G X reg fl ipT l x {y) such that d x /iT,x is a surjection. Thus r G x is etale in y. 

Now we check that C™ 9 X fl -?/>T,x(Ar re9 ) is an open subset in im^x, whose complement 
is of codimension not less than 2. Indeed, codimc TX C^^x, codimxAT sm3 ^ 2 because 
X, Ct,x are normal. Since ipa,x is equidimensional (Proposition 4.3.1), codim im ^ Tx imipT,x\ 

ipT,x{X reg ) ^ 2. This shows our claim. 

To complete^ the proof of the proposition it is enough to apply Proposition 3.5.1 to the 
morphism imijjT,x ~^ t- □ 

4.5. The proof of Theorem 1.2.9 for CN varieties. In this subsection we suppose that 
X is normal, affine and strongly equidefectinal. In the proof of theorem 1.2.9 we may assume 
that G = Z(G)° x (G, G). 

Proposition 4.5.1. Let T be a torus and X be irreducible affine strongly equidefectinal 
Hamiltonian T -variety. Then the action T : X is stable. 

Proof. We may assume that the action T : X is effective. Indeed, let T be the inefficiency 
kernel. Since X is equidefectinal, the hamiltonians H^,^ G to, are constant. Thus X is 
strongly equidefectinal also as a Hamiltonian T/T - variety (with the same stratification as 
for the action T : X). 

Let X = Y[i Xi he & stratification given by Definition 1.2.8. Let us show that there exists 
a stratum such that def^(Xj) = dimT and there is a closed T-orbit in JQ. Indeed, 
otherwise all closed T-orbits lie in |J ieJ Xj, where J = {i|deLr(JQ) < dimT}. In other 
words, X//T = U ieJ Xi//T. Thus there exists i G J such that X^ffT = X//T. But 

dim^ x (X~) = def T (X t ) < dimimT^. Therefore fi T>x //T(X t //T) ^ /i T , x //T(X//T). 
Contradiction. So there is a point x G X i: where defrpQ) = dimT, such that the orbit Tx 
is closed. 

The action T : X is stable iff there is a closed orbit of dimension dimT, see [Popl]. It 
is enough to show that one can find such an orbit even in X { . So we may assume that 
x G X max . 

Let us prove that the action of T := (T x )° on T x XjT^X is trivial. Assume the converse. 
Let us choose a T -stable complement V to T^X in T X X. It follows from the Luna slice 
theorem that there is a T -stable smooth locally-closed subvariety Y C X such that x G 
Y, T X Y = V. Replacing Y with some open subset we may assume that T P X © T y Y = T y X 
for any y eY. By the choice of Y, £*y G T y Y for any £ G t . But since the action T x : X is 
Hamiltonian, £*y G T P X for any £ G t . Thus the action T : F is trivial. 

Applying the slice theorem again, we see that it is enough to show that the action T : 
T x X/i*x is stable. Since T acts trivially on T X X/T^X, t*x we reduce to the proof of the 
stability of the action T : T P X. 

Let us prove that an action of a torus T on a symplectic T-module U is stable. Indeed, we 
may assume that the action is effective. Choose linearly independent weights Ai, . . . , k — 
dimT, of the T-module U. Since U = U*, we see that — Ai, . . . , — A& are also weights of 
U. Choose nonzero weight vectors v\ 1 , . . . ,v\ k ,v_Xi, ■ ■ ■ , v -\ k 1X1 ^ ne corresponding weight 
subspaces. The orbit of J2 i (v Xi + v_ Xl ) is closed and its dimension is equal to dimT. 

Since T X X is a symplectic T -module, we are done. □ 

Let X ,?7,r be such as in Subsection 4.1, O such as in Subsection 4.2. 
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Lemma 4.5.2. The Hamiltonian action Z(G)° : Xq is strongly equidefectinal. 

Proof. The Hamiltonian action G : Xo x O is strongly equidefectinal because there is an etale 
Hamiltonian morphism Xo xO-*I (see Lemma 3.4.5, Theorem 4.1.1). Note that any te- 
stable locally closed subvariety Y C X x O has the form Y x O for some locally closed Z(G)°- 
stable subvariety Yq C Xo. Clearly, F is a Hamiltonian subvariety of X iff Yo is a Hamiltonian 
subvariety of Xo. If Y is irreducible, then def G (Y) = def (In) , def g(Y ) = defz(G)° {Yo). 
The intersections of the strata of X with X form a stratification of X satisfying the as- 
sumptions of Definition 1.2.8. □ 

of Theorem 1.2.9 in the CN case. By Theorem 4.2.1, X = (Xo x 0)/Y. We easily reduce to 
the case X = X x O. Clearly, X satisfies condition (b) or (c) of the second assertion iff rj = 
iff O is a point. By Lemma 4.5.2, a Hamiltonian Z{G)°- variety X is strongly equidefectinal. 
Proposition 4.5.1 implies that the action Z(G)° : X is stable. This completes the proof 
because O contains the dense (G, G)-orbit O. □ 



5. Reduction to the central-nilpotent case 

This is the most important section of the paper. Here we show how to reduce the proofs of 
the theorems stated in the Introduction to the case of CN varieties. Throughout the section 
G denotes a reductive group and X a quasiprojective Hamiltonian G-variety, if otherwise is 
not stated. 

The first subsection is devoted to an algebraic version of the local-cross section theorem 
of Guillemin and Sternberg, see [GS]. The original theorem deals with Hamiltonian actions 
of compact groups on real manifolds. Knop in [Kn3] proved an analog of this theorem for 
Hamiltonian actions of reductive algebraic groups on symplectic varieties. Our approach is 
based on his. 

Let us explain what we mean by a cross- sect ion. Suppose that X is quasi-projective and 
normal. Fix a Levi subgroup L C G. In general, the subvariety /%x(0 C X is Xc(L)-stable 
but the action of Ng{L) is not Hamiltonian. However, there is an Na{L)-st&ble open subset 
l pr C I such that the X G (L)-subscheme Y = pL G 1 x (l pr ) is normal (Corollary 5.1.3), has a 
natural Hamiltonian structure with the moment map Hg,x\ y (Proposition 5.1.4) and the 
natural morphism G *n g (l) Y — > X is etale (Corollary 5.1.3). 

In Subsection 5.2 we use the construction of the previous subsection for some special choice 
of L. Namely, take for L the centralizer of Hg,x{x) s for x G X in general position. The 
variety Y = fJ>Q 1 x{l pr ) * s Xc(L)-irreducible and the natural morphism G*n g (l) Y — > X is an 
open embedding (Proposition 5.2.2). The XGr(L)-Hamiltonian variety Y is CN. Moreover, 
Y is afline provided so is X. Choose an irreducible (=connected) component Y of Y. Put 
a^Qx = <Xn g (l,y),y (see Subsection 4.4) and Wq X = N G (L,Y)/L. In the case when X is 
affine and equidefectinal these definitions coincide with those given in the Introduction. At 
the end of Subsection 5.2 we introduce the factorization of the morphism tg,x — T h x ot g x-> 
see the Introduction. 

In Subsection 5.3. we prove Theorem 1.2.9. The key step is to reduce the proof for the pair 
(G, X) to the proof for the pair (L, Y), where L, Y are such as in the previous paragraph. 

Unfortunately, this trick does not work for Theorems 1.2.3,1.2.5. For example, Y does not 
intersect some fibers of i/)a,x- In Subsections 5.4-5.6 we construct another CN Hamiltonian 
L- variety R from Y. 
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In Subsection 5.4 we recall some (mostly standard) properties of if -invariants of an amne 
G- varieties, where H is the unipotent radical or the derived subgroup of a parabolic subgroup 
ofG. 

To construct R we need some parabolic subgroup P C G with Levi subgroup L. If we 
want R to have good properties, we should make some special choice of P. In Subsection 5.5 
we establish the notion of a parabolic subgroup P compatible with Y and study the key 
property of such a subgroup (Proposition 5.5.1). 

Subsection 5.6 is devoted to the construction of R. A sketch of the construction was given 
in Subsection 1.3. 

In Subsection 5.7 the basic properties of R are studied. The next subsection is devoted 

(Y) 

to the proofs of Theorems 1.2.3,1.2.5. Here we introduce some good action of W G x on the 
quotient R//L (Lemma 5.8.1, Proposition 5.8.2). Notice that there is no natural action of 
N G (L,Y) on R. 

In Subsection 5.9 we establish a relation between K[Cg,x] and K[X] G fl3(K(X) G ) (Propo- 
sition 5.9.1) and prove Theorem 1.2.7. In Subsection 5.10 we give an example of a connected 

(Y) 

group G and a conical symplectic amne variety X such that the group Wq x is not generated 
by reflections. 

5.1. Local cross-sections. Let I be a Levi subalgebra in q. Put N = Nq(1). 

Definition 5.1.1. An element £ G t is called principalif 3 (£ s ) C I. The subset of [ consisting 
of all principal elements is denoted by l pr . 

Clearly, l pr is a nonempty open subset of I. There is another equivalent definition of 
[pr (- [ Namely, consider a Cartan subalgebra t C t and the root systems A(g), A([) of g, I, 
respectively, associated with t. The subset l pr C I consists precisely of elements £ G I such 
that the semisimple part £ s of £ is conjugate under the action of iV to some element of t°, 
where 

(5.1) t°:=t\ |J kera. 

aeA( )\A([) 

It follows from this definition and the Chevalley restriction theorem that there is / G K.[l] N 
such that l pr = {£ g l|/(0 f 0}. 
Consider the subscheme Y := 

AtGx( r ) c x - This 

is a principal iV-stable open subscheme 
in A*gx(0- I 11 particular, if X is amne, then so is Y. Let us describe some properties of the 
natural morphism tp : G *n Y — > X. 

Proposition 5.1.2. The morphism <p : G *n Y — > X, [g,y] i— > gy, is non-ramified. Its 
restriction to any irreducible component of G *^Y is dominant, iimp = %1)q 1 x {Z) for some 
open subset Z C g//G. 

Proof. The dimension of any irreducible component of /%x(0 is n °t l ess than dimX — 
dimg + dim I. Thus the dimension of any component of G *n Y is not less than dimX. 

Now we shall check that tp is non-ramified, i.e. that for any y G Y the linear map 
dytp : T y {G *n Y) — > T^ y )X is injective. 

We have the natural identification T y (G *n Y) = T y Y © l^y. The restriction of tp to Y 
is the embedding Y X. Thus d y tp\ T y is an embedding. It remains to show that £ G \ 
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provided £*y G T y Y,l; G g. Let TyX, u y be such as in Subsection 2.2. For any G t 1 we 
have 

= d t*v H v(y) = ^y(£*y>V*y) = { H z,H v }(y) = H KiV] (y) = ([HG,x(y),£],v)- 

Therefore [£, /XG,x(y)] £ Let £' denote the projection of £ to Recall that /iG,x(y) £ t pr - 
Thus £' G 3g(/^G,x(y)) C 3 fl (/^G,x(y) s ) C [ whence £ G I. 

So is non-ramified. Comparing the dimensions, we see that the restriction of to any 
component of G *n Y is dominant. 

Now we prove the claim on the image of (p. By the alternative description of i pr in the 
beginning of this subsection, 

(5.2) i6im^<^ G/2 G)X (x) s n t° ^ 0. 

Put Z = t/W \ 7r^t(t\ t°), where W = N G (t)/Z G (t). Obviously, Z is an open subvariety in 
t/W = g//G. It follows from (5.2) that imy? = ^ G ] X {Z). □ 

Corollary 5.1.3. If X is normal, then if : G*nY — > X is Stale and the scheme Y is normal. 

Proof, ip is etale because this is a non-ramified dominant morphism to a normal variety (see 
[Mi], Ch.l, Theorem 3.20). Thus the scheme G *n Y is a normal variety. By Lemma 4.1.3, 
Y is a normal scheme. □ 

We want to equip the iV-variety Y with a natural Hamiltonian structure. 

Let y G Y. We have the natural isomorphism T y X = T y Y © l^y. The differential d y fi G ,x 
induces the isomorphism t^y = l^fi G) x{y)- The restriction of the Kostant-Kirillov form u 
on the orbit G/ia,x(y) (see Example 2.3.1) to the subspace V = l*HG,x(y) C Q*^G,x(y) is 
nondegenerate. Indeed, the subspaces V, UfJ>G,x(y) C Q*^G,x(y) ar e orthogonal with respect 
to this form. The form u\v induces the bivector P y G,x G f\ V (see Subsection 2.2). 

Using the identification ijry = V, we obtain the bivector P y °' x G f\ l^y. For n £ N there 
is the natural isomorphism n* : l^ry — > l^(ny). Since /i\ Y is iV-equivariant, 

(5.3) nJ>^=P^. 
For f,g G O x , y define an element {f,g} Y G Yy by 

(5.4) {f,g} Y (yi) = {f,g}(yi) - P y T' x (df a dg), Vl e Y. 

Proposition 5.1.4. Let f,g G 27ie element {f,g} Y G Oy y depends only on the 

restrictions of f,g to Y. Furthermore, {•, -} Y : K(F) <g> K(F) — > K(F) is an N -invariant 
Poisson bracket. The action N : Y is Hamiltonian with the moment map jj, NY = hg,x\ y - 

Proof. Let Y Q be an irreducible component of Y. By Proposition 5.1.2, ip(G*x (NY )) = GY 
is dense in X. Hence Yor\X max ^ 0, so we may replace X with X max . Corollary 5.1.3 implies 
that G *x Y is smooth. Thus Y is smooth. Consider the distribution T P X and the " 2- form" 
uo G H°(X, /\ 2 (T P XY). By Proposition 2.2.2, T P X is involutory and u satisfies (2.8). Let 
z G Y. Choose £ G ^,77 G T 2 F n TfX. Since = 0, we have uj z {^z,t]) = d v H^z) = 0. 

So TfX fl T Z Y and [^z are orthogonal with respect to u z . It follows that the bivector 
P Y := P z — P Z G ' X lies in f\ T Z Y, equivalently, the bracket on Y is well-defined. Note that 

(5.5) T pY Y = T P X n T Z Y, g*z C T P X. 
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Lemma 5.1.5. Let H C G be algebraic groups, Y a quasi-projective H-variety and V a 
G-stable distribution on G*hY such that g*[e, y] G Vj eiJ/ ] for all y G Y . Put V y = V[ e>y j nT y Y. 
IfV is involutory, then so is V . 

of Lemma 5.1.5. There is a quasi-section (see [PV2], §2) Z for the action H : G by the 
right translations such that the natural morphism Z — > G/H is etale. So ip : Y x Z — > 
G *h Y, (y, z) I— > [z, y], is an etale morphism. The distribution ip*V coincides with V ® TZ C 
T(Y x Z). ' □ 

According to Lemma 5.1.5, T pY Y is an involutory distribution. Let oo Y G H°(Y, f\ 2 (T pY Y)*) 
be the "2-form" corresponding to P y . The form cj y is the restriction of to T pY Y . There- 
fore uj y satisfies (2.8). Applying Proposition 2.2.2, we see that P Y is a Poisson bivector. 
Note that for / G Ox, y the vector v y (f\y) coincides with the projection of v y (f) to T y Y with 
respect to the decomposition T y X = T y Y @{^y. In particular, for £ G 1 we have i> (if^y) = 
because Y is L-stable. Thus //G,x|y : Y — > I satisfies the axioms of a moment map. □ 

The variety Y equipped with this Hamiltonian action of L is denoted by Red^(X). Let 
us investigate functorial properties of Red^(-). 

Proposition 5.1.6. Let X 1 ,X 2 be normal quasiprojective Hamiltonian G-varieties and <p : 
Xi — > X 2 a Hamiltonian morphism. Then ^(Red^ (Xi)) C Redc(X 2 ). Let Red^(v?) : 
Red^(Xx) — > Red^ (X 2 ) be the corresponding morphism. This is a Hamiltonian N -morphism. 

Proof. The only not obvious thing here is that Redg(</?) is a Poisson morphism. Let {•, - } Yi : 
K(Xi) ®K(Xi) -»• K(Reda(Xi)),i = 1, 2, be the brackets defined by (5.4). We have to prove 
that for y G Red^A^) and /, g G Ox 2:lf ( y ) there is the equality 

(5.6) W*f,^g} Yl (y) = {f,g} Y2 (v(y))- 

Consider the bivectors P y G ' Xl and P^ y * 2 • Since ip is a Hamiltonian morphism, we see that 

d y §Py G ' Xl = Pp( y * 2 ■ The equality (5.6) follows from the definitions of {•, -} y % because 
ip : Xi — » X 2 is a Poisson morphism. □ 

Any irreducible component of Red^(X) is a Hamiltonian L- variety. 

Proposition 5.1.7. m L (Y) = m G (X) - dimC + dimL, def G (X) = def L (Y) ; def G PO = 
def L (Y) /or any irreducible component Y cY . 

Proof. Since <p : G *lY X is dominant and non-ramified, ma{X) = dimG/L + miiY) 
and GY is dense in X. The latter implies the equality of the upper defects. Taking into 
account that im /ily C l pr , we get rk^(Y) = rkc(X) — dimG/N. This implies def G (X) = 
<M L (Y). ' □ 

(Y) (Y) 

5.2. and W£ x . We preserve the notation of the previous subsection. Suppose that 

X is irreducible and normal. By Corollary 5.1.3, if Redg(X) is non-empty, then ip is a 
dominant etale Hamiltonian morphism and Red^(X) is a normal (possibly non-connected) 
Hamiltonian X-variety. We want to show that for a special choice of L the morphism ip is 
an open embedding. 

Namely, let L C G be the centralizer in G° of fia,x(x)s for x G J in general position. 
In other words, L is the stabilizer of the closed orbit in general position for the action 
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G° : im hg,x (so-called, principal isotropy group, see [PV2], Theorem 7.12). Notice that L 
is defined uniquely up to G°-conjugacy. 

Definition 5.2.1. Such a subgroup L is called the principal centralizer of X. 

Proposition 5.2.2. (1) The morphism if : G *n Red^(X) — > X is an open embedding. 
In particular, Red^(X) is N -irreducible. 
(2) If X is, in addition, affine, then the natural morphism Red G (X)//N — > X//G is an 
open embedding. 

Proof. Let us check assertion 1. Since if is etale, it remains to prove that ip is injective. 
Let 2/1,2/2 £ Red^(X), c/i, g 2 G G be such that git/i = <722/2- We may assume #1 = 1. Note 
that f^G,x(yi)s = Ad((/ 2 )AiG,x (2/2) s- The centralizer of fiG,x{Vi)s i n coincides with [. Thus 
(/ 2 £ Since </? is an embedding, we see that G^Red^ (X) is irreducible. By Lemma 4.1.3, 
Red^(X) is N- irreducible. 

Recall that imip = il) G l x (Z), where Z is an open subset of g//G. Thus G * N Red^(X) = 
iimp = TTQ^^mipf/G). This implies assertion 3. □ 

By the choice of L, for any y G Ked G (X) the centralizer of ji L -R,e& N (x)(v) s m coincides 



with [. Thus Red^(X) is a CN Hamiltonian iV-variety. 

Choose a component Y C Red G (X) and put N = N G (L,Y). As we have seen in the 
previous subsection, Y is a normal CN Hamiltonian N - variety with the moment map Hn ,y — 
I^g,x\y- We say that Y is an L- cross-section of X. If X is affine, then so is Y. It follows 
from Proposition 5.2.2 that the triple (L, Y, N ) is determined uniquely up to G-conjugacy 
and the natural map G *n Y — > X is an open embedding, whose image equals to ipQ X (Z) 
for some open subset Z C g//G. 

Put alg x = <Xl,y (see Subsection 4.4). 

Remark 5.2.3. Suppose X is equidefectinal. Then so is Y (Proposition 5.1.7). By Propo- 
sition 4.4.1, ci^gx is an affine subspace in 3(1). It follows directly from the definition of 
that o!qx = <*l,y = ^(^g,x(Y)), where it is the projection [ — > [/[[, [] =3(0- So the definition 
of x gi ven h ere coincides with that from the Introduction. 

Put W G Y) X = N /L. Since Y is a Hamiltonian A^-variety, <x* GX C 3(1) is stable under the 
natural action of W G Y X on 3(1). 

Clearly, the restriction of / G K[g] G to a~ GX C Q is H^^-invariant. So we have the natural 
morphism t g {Y) : ^ x / W g,x ~* Q// G - 

The morphism TqP is, by definition, the composition of the closed embedding c^ GX /W G Y x c - 
l//N and the morphism l//N — > g//G induced by the restriction of functions. The last mor- 
phism is finite in virtue of the Chevalley restriction theorem. Thus r^p is finite. 

Now we construct a G-invariant morphism V'^x : X — > ^ X /W G Y X such that ipc,x = 
Tg{' o ipQx- The morphism i/>n ,y '■ Y ~^ ^I/^gx is iV -equivariant. Thus we have a 
unique G-invariant morphism : G *n Y — > <^ G ^ X /W G Y X coinciding with ipN ,Y on Y. By 
construction, r^p otfj = i^g,x\g* Nq y- Since r^p is finite, the morphism tp can be extended 
to the whole variety X. This extension is denoted by ipj^x- 
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Remark 5.2.4. The pair (o!q x ,Wq x ) depends on the choice of L, Y and so is deter- 



r(Y) 



mined uniquely up to G-conjugacy. However, the quotient Q- G X /W G Y X and the morphisms 
i$} X i t g^P do not depend on the choice of L, Y in the following sense. Let V = gLg^ 1 ,g e 
G°, and Y' be a component of Red^ ^ \x). There exists an element go such that 

(5.7) g Lg 1 = L',g Y = Y'. 

Moreover, g^fite £ N for any two elements <7oi,<702 satisfying (5.7). Let go E N satisfy 



(5.7). The isomorphism i : flgjf/wf] 



choice of g . Clearly, i o i) GX 

We write o GiX /lf G , x ,^ x ,r^ instead of a { ^ x l w a,h $s,x, t g% ] ■ 

By the definitions of Cg,x,iPg,x,t~g,x (see the Introduction) there is a unique morphism 

t g,x '■ c g,x -> a G , X /W G;X such that $ GtX = t g x ° ^g,x, r G ,x = r G X o t gx . 

In the case when X is affine our morphisms are depicted on the following commutative 
diagram 



■XY') 



-> a G x/Wqx induced by g does not depend on the 

1 00 ^ (y) 



^G,X> t g]x — T G,X ' ° 1 



(5X 




The isomorphism >0 L ' L ) = Y//(L,L) takes place by Corollary 4.2.3. 



5.3. The proof of Theorem 1.2.9. The general case. 

Lemma 5.3.1. Suppose X is strongly equidefectinal. Let L be a Levi subgroup of G, N = 
Nq{L). Then the Hamiltonian N -variety Ked G (X) is strongly equidefectinal. 

Proof. First we suppose that X = X max . We may assume that X is G-irreducible. X is 
strongly equidefectinal iff X is equidefectinal. It follows from Corollary 5.1.3 that Redg(X) 
is smooth. By (5.5), the Poisson bivector on any component of Red G (X) has constant rank. 
Proposition 5.1.7 implies that any component of Red G (X) is equidefectinal as a Hamiltonian 
L- variety. We are done. 

In the general case the assertion of the lemma follows from the fact that Redg(-) is a 
functor, see Proposition 5.1.6. □ 

We recall that a subset X° C X is said to be G-saturated if X° = ^G^x(. n G,x(X )). 

of Theorem 1.2.9. Let L denote the principal centralizer of X, see Definition 5.2.1. Choose 
an L-cross-section Y C Red G G ^ L \x). The natural morphism G *n g (l,y) Y — > X is an open 
embedding (Proposition 5.2.2) and its image is G-saturated (Proposition 5.1.2). Therefore 
we may assume that X = G *n g (l,y) Y. By Lemma 5.3.1, Y is a strongly equidefectinal 
Hamiltonian L-variety. It remains to prove the theorem for the action L : Y. Since Y is a 
CN Hamiltonian L- variety, we are done (see Subsection 4.5). □ 
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5.4. P u - and (P, P)-invariants. In this subsection X is an affine G-variety, G is a connected 
reductive group. Let P be a parabolic subgroup of G, L a Levi subgroup of P. Let P u denote 
the unipotent radical of P. Put Pq = (P, P). Recall that Po = P u X (L, L). 

The algebra K[G] P " is finitely generated ([Gr]). Thus K[G] P ° is also finitely generated. 
Till the end of the section H denotes one of the groups P u , Pq. Put G/H = Spec(K[G] H ). 

The homogeneous space G/H is quasiaffine since the character group of H is trivial. Fix 
an open G-equivariant embedding G/H ^ G/H. 

There is the isomorphism (K[G/H] ® K[X]) G = K[X] H induced by the restriction of 
functions from (K[G/H\ <g> K[X]f to {eH} x X C G/H x X (see [Popl]). Thus the algebra 
K[X] P is finitely generated. 

The subalgebras K[X] P ", K[X] P ° C K[X] are stable under the action of L and (K[X] P ") L = 
(K[X] P °) L = K[X] P = K[Xf, (K[X] P -)( L ' L ) = K[X] P ". 

Put X//H = Spec(K[X] H ). Let tih,x '■ X — > X//H be the corresponding morphism. Note 
that this morphism is dominant but, in general, not surjective. We have a unique action 
L : X//H such that the morphism tth,x is P«-invariant and L-equivariant. 

The morphism kh,x is the composition of the embedding X = {eH} x X <^-> G/H x X 
and the quotient morphism ^ G qJJj xX - Thus if X° is an open (respectively, closed) affine 
G-saturated subset of X, then X°//H is identified with an open (respectively, closed) affine 
subvariety in X//H so that n HjX o = kh,x\x°- Note that the identification is L-equivariant. 

Remark 5.4.1. There are two natural actions of L on G/H. Firstly, there is the restriction 
of the action G : G/H to L. Secondly, there is the action L : G/H induced from the action 
L : G/H by the right translations. This action commutes with the action of G and hence 
induces the action L : X//H = (X x G/H)//G considered above. 

If otherwise is not stated, we consider the action of the first type. Note, however, that the 
L-orbit of eH is the same for the both actions. 

In Subsection 5.5 we need to know whether there exists lim^ r(t)eP in G/Pq, where r 
is a one-parameter subgroup, r : K x — > Z(L). 

Fix a Cartan subalgebra t C 1 and the corresponding root system A(g). 

Definition 5.4.2. A system of simple roots a±, . . . , a r G A(g) is said to be compatible with 
P, if the inclusion g a C p is equivalent to a = YH=i n i a 'h n i+i, ■ ■ ■ ,n r ^ 0. 

Fix a system of simple roots a±, . . . a r compatible with P and let Hi, . . . , n r be the corre- 
sponding system of fundamental weights. 

Lemma 5.4.3. Let r : K x — > Z(L) be a one-parameter subgroup. Put £ := J^r(t)| t=0 G j(l). 
Then the limit \im t ^ r(t)P exists iff £ G [q,q] and for all i > I the inequality (7Tj, £) ^ 
holds. 

Proof imr C (G, G) because the limit lim^ 7r ( r (^)) exists in G/{G,G), where n denotes 
the projection G — > G/(G,G). Thus we may assume that G is semisimple. Replacing G 
with a covering and r with a positive multiple, we may assume that G is simply connected. 
Let Vi be the irreducible G-module with the highest weight 7Tj, and v,i G V, be a highest 
vector, i — l,r. Put i> = t>/ + i + . . . + v r G V/ + i © . . . © V r . There is a unique G-equivariant 
morphism G/Pq — > Gt> such that eP i— > i>. This is an isomorphism, see [PV1], Theorem 6. 
The limit lim^o r(t)v exists iff (£, 7Tj) ^ for alii > I. □ 
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5.5. Compatible parabolic subgroups. Let X be a normal irreducible affine Hamiltonian 
G- variety, L the principal centralizer and Y an L-cross-section of X, N = N G (L, Y), L the 
connected component of the inefficiency kernel of the action L : Y//(L,L). 

We need to choose some parabolic subgroup P C G compatible with Y. Fix a Cartan 
subalgebra t C t and the corresponding root system A(g). 

Construction-definition of a compatible parabolic subgroup. Let us embed the 
L/(L, L)-variety y( L ' L ) into some L/(L, L)-module V. Choose a point yo G Y^ L,V) with 
(L yo )° = L (we recall that the L-varieties y( L ' L ) and Y//(L,L) are isomorphic, see Corol- 
lary 4.2.3). The dimension of the support S yo of yo (i.e. the convex hull of L/(L, L)-weights 
of yo G V) equals rkL — rkLo = defc(X) (the last equality follows from Corollary 4.2.3). 
To any point ( G S yo we assign a unique face C$ of a Weyl chamber of the dual root system 
A v (g) such that ( is contained in the interior of C^. Fix a point ( G S yo such that Q is 
maximal with respect to the inclusion among all C^, (' G S yo . Put 

q = te 9 a - 

Note that I is identified with a Levi subalgebra in q/q u and that for a G A(g) 
(5.9) (« V ,C) = « v G t . 

Indeed, if a v G" to, then a v y ^ 0. In other words, S yo <f_ kera v . By the choice of (, 

(« v ,C)^o. 

Choose a parabolic subalgebra p C q/q u such that [ is a Levi subalgebra of p. Let p be the 
inverse image of po in q under the projection q — > q/q u . Let P, Q be the parabolic subgroups 
of G corresponding to the subalgebras p, q C g. Such a parabolic subgroup P C G is said 
to be compatible with F. Note that P depends on the choices of an L/(L, L)-module V, an 
embedding y( L ' L ) <^-> V", a point y , an element C and a subalgebra p C q/q u . 

Proposition 5.5.1. Le£ P be a parabolic subgroup of G compatible with Y. The restriction 
°f ffPo,x to y( L ' L ) is generically finite. Moreover, for some open subset Y 1 C y( L ' L ) £/ie 
following condition is satisfied: 

if Hi / !/2 £ ^' an d 7Tp ,x(yi) = 71 "p ,x(l/2); ^en t/iere eziste <? G (iV fl G°) \ L such that 

yi = 9V2- 

The proof is based on the following lemma. 

Lemma 5.5.2. Let yo,(iQ be such as in the previous construction-definition, L = Zq°(C), Qo = 
(Q,Q). Then 

(1) (Z,Z)nLcL . 

(2) dim L(y , eQo) = dim L — dim L fl (L, L) . 

(3) L(y ,eQ ) is closed in Y {L > L) x G/Q . 

Proof. Let us check that LC\{L, L) C L . The derived subgroups of these two groups coincide. 
The space tn [1,7] is spanned by a v , a G A (7). By (5.9), tn [1,7] C tn t whence in [7,7] C l - 

Note that y is L -invariant and that L e Q — L n (L,L). The equality dim L(y ,eQ ) = 
dimL — dimL fl (L, L) follows from assertion 1. 

Let r : IK X — > be a one-parameter subgroup such that the limit lim^ (2/0? e Qo) 
exists. Choose a system of simple roots «i, . . . ,a r G A(g) compatible with Q (see Defini- 
tion 5.4.2) and the corresponding system tt\, . . . , n r of fundamental weights. Put I = rk[[, []. 
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It follows from the construction of Q that ( = J2i>i a « 7r « with aj < 0. In other words, for 
any £ € [fl, fl] fl t the inequalities 

(5.10) (ttU) >0,Vi>Z, 

and (f,C>^0 imply £ G [7,7]. 

By Lemma 5.4.3, £ := j^\t=o T lies m [fl, fl] and satisfies (5.10). Since the limit lim t ^ ty 
exists, (£, C) ^ (let us recall that £ is contained in the support of y ). Thus £ G [[, []. Since 
£ = || t=0 r G j(7), we get £ = 0. 

The Hilbert-Mumford theorem implies that the Z(L)-orbit of (yo, eQo) is closed in Y^ L,V) x 
G/Qq. Since (L, L)C\L leaves (y , eQo) invariant, the L-orbit of (y , eQo) coincides with the 
Z(L) -orbit. This proves assertion 3. □ 

of Proposition 5.5.1. Without loss of generality we may assume that G is connected. The 
subset G *n Y C X is affine, open and G-saturated. Therefore we reduce to the case 
X = G * No Y. In this case X x G/P = (G * No Y) x G/P G * No (Y x G/P ) (the last 
isomorphism is given by (\g,y],z) i-> [g, {y,g" l z)},g G G,y eY,z G G/P ). Clearly, 

n N ,YxG/P^ = 7l N /L,(YxG/W ) )//L ° n L,YxG/F\y 

Hence it is enough to prove that the restriction of tc l yxg~Jpq ^° Y^ L ' L ^ x {eP } is generically 
injective. Since Y^ L ' L ^ C F is a closed L-stable subvariety, it is enough to show the analogous 
claim for the morphism n L y( l , l )xgJp^- 

Let Q,yo be such as in Construction-definition above. There is a unique G-equivariant 
morphism G/Pq — > G/Qo such that gPo h- > gQo for all g E G. It is enough to check that the 
restriction of 7r L y( l . l )x g/q ^° ^ ( ' i ' L ' ) x { e Qo} is generically injective. It is so provided the 
following two claims take place: 

1) L( y0ie Q ) is the inefficiency kernel for the action L : L(Y( L > L ) x eQo). 

2) The orbit L(y , eQo) is closed. 

The second claim is assertion 3 of Lemma 5.5.2. By assertion 1 of Lemma 5.5.2, any 
point of y( L ' L ) x eQo (and thence of L(Y( L ' L ) x eQo)) is L fl (L, L)-invariant. Assertion 2 of 
Lemma 5.5.2 implies the first claim. □ 

5.6. P u -reduction. The construction. We use the notation introduced in the beginning 
of the previous subsection. 

Lemma 5.6.1. Let p be a parabolic subalgebra in g with a Levi subalgebra I. Then the 
subvariety P U Y C X is an irreducible component of n~^ x (p). 

Proof. A*Gx(^ r + Pu) is an open subvariety of ii G l x (p). It follows from the definition of [ pr 
that 3 s (0'n Pu = {0} for any £ G l pr . Therefore \ pr + p u = PJ pr and the action P u : l pr + p u 
is free. We deduce that the morphism P u x l pr — > l pr + p u , (g,y) i— > <?y, is an isomorphism. 
This implies that the morphism of schemes P u x pL^xi^) ~~ * t^G^xO^ + P«)> idiU) l— * ^2/? 
is an isomorphism too. Since F is a connected (=irreducible) component of H G 1 x{[ pr ), the 
subset P U F C X is open in some component of ^ G ] x {p). ^ 

Fix a parabolic subgroup P C G compatible with Y. 

Let A denote the subalgebra of K[X] generated by K[X] Pu and {H^,^ G [}. This is a 
finitely generated L-stable subalgebra in K[X]. Denote by np Ut x the morphism X — > Spec(A) 
induced by the embedding A <^-> K[X], by Z an irreducible component of H G ] x {p) and by I z 
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the ideal of functions from K[X] vanishing on Z. Note that I z is an L-stable ideal in K[X]. 
Put A z = A/(A(~)I Z ). This is a subalgebra of K[Z] consisting of the restrictions of elements 
from A to Z. There is the natural action of L on A z . 

Lemma 5.6.2. (1) For any f,g<EA the restriction of {f,g}\z depends only on f\z,g\z 
and is contained in A z . So A z becomes a Poisson algebra. 
(2) L : Spec(A^) is a Hamiltonian action with the hamiltonians H^\ z ,^ G I. 

Proof. Firstly, we check that {A, I z } C I z . Note that I z is a minimal prime ideal of the ideal 
/ = Span K pq(if,c, £ G p u ). Applying Lemma 2.1.4 to the algebra K[X]/J and the ideal I z /I, 
we see that it is enough to show that {A, 1} C I. If i] G p u , then {H^, H v } = G / and 
{/, H v } = -77 J = for / G K[X] P ". Since K[X] P \ £ G [, generate A, we get {A, /} C /. 

To prove the first assertion of the lemma it is enough to show that A is a Poisson subalgebra 
of K[X]. To do this we have to check that the brackets of generators of A lie in A. Let 
/, g G K[X] P «, f , 77 G 1. One checks directly that {/, <?}, /} G K[X] P «, #„} = if^. 

Assertion 2 is verified directly using Definition 3.1.1. □ 



By Lemma 5.6.1, we may apply the previous construction to Z = P U Y. 

Definition 5.6.3. By the P u -reduction of X associated with Y we mean the normalization 
of the Hamiltonian L- variety Spec( Apry) . 

Till the end of the section R denotes the P n -reduction of X associated with Y and Z 
denotes the subvariety P U Y C X. R is equipped with the natural structure of a Hamiltonian 
L- variety, see Example 3.2.3. To make the notation less bulky, we write R z instead Spec(A z ) 
and V instead of (L,L). 



5.7. P u -reduction. The basic properties. We preserve the notation of the previous 
subsection. 

Let us make some remarks on morphisms between our varieties. Firstly, we have the 
natural dominant morphism TTp Uy x\z '■ Z — > R z . This morphism is P n -invariant and L- 
equivariant. The restriction of this morphism to Y is dominant and L-equivariant. Since Y 
is normal, this restriction can be lifted to an L-equivariant dominant morphism n : Y — > R. 

Secondly, we have the L-equivariant morphism v : R — > X//P u corresponding to the 
composition of the homomorphisms K[X] Pu -» K[X] P ^/(I Z n K[X] Pu ) ^ A z ^ K[R}. 

Lemma 5.7.1. The following diagram is commutative. Here all horizontal arrows are quo- 
tient morphisms, the morphism Y — > R is tt, R — > R z is the normalization, the morphism 
R — > X//P u coincides with u, the morphisms Y — > Z — > X are embeddings, all vertical arrows 
in the rectangle with the vertices Y//L',X//P ,X//P,Y//L are determined uniquely by the 
commutativity condition, the morphism Z — > R z is induced by the embedding A z K[Z], 
all morphisms to 1//L are of the form ipL,»//L, the morphism X//G — > g//G is fJ>a,x//G and 
1//L — > g//G is induced by the restriction of functions. 
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(5.1i; 



X-^X//P^^X//P a »X//P = X//G^X//G 



Proof. The commutativity of the piece of the diagram inside the triangle with vertices 
Y//L, 1//L, R z //L stems from the constructions of the moment maps for the actions of L 
on Y,R Z ,R (see Subsections 5.1, 5.4). The commutativity of the piece inside the pentagon 
with the vertices Z, Y, Y//L, X//G°, X follows directly from the definitions of the L- varieties 
Y,R Z , R. 

It remains to check that the piece with the vertices R z //L, 1//L, X//G°, q//G is commuta- 
tive. Since the morphisms Y — > R z //L and X — > X//G° are dominant, it is enough to prove 
the commutativity of the rectangle with vertices Y,X, l//L,g//G. It is a direct consequence 

of (x LjY = fj>G,xW- n 

In the sequel we suppose that all morphisms between the varieties from diagram (5.11) 
are the morphisms of this diagram. 

Lemma 5.7.2. The morphism tc//L' : Y//V — > R//L' is birational. 

Proof. The morphism 7c//L' is dominant because so is 7?. Recall that Y L ' = Y//L' (Corol- 
lary 4.2.3). Under this identification, tt//L' = ttl',r 7?|yz/. Let us note that ttp ,x\y l ' = 
7Tl',x//p u v 7r|yL'. It follows from Proposition 5.5.1 that there exists an open sub- 
set Y 1 C Y L ' = Y//L' such that for any y x 7^ y 2 G Y 1 with 7?(yi) = 71(2/2) there is 
g G N G o(L,Y) \ L such that y x = gy 2 . But 7?(yi) = n(y 2 ) implies fJ, L ,Y(yi) = Hl,y{V2)- 
Since ^l,y{Ui)s C 3(1) fl l pr , we see that Z G o(fi LY (yi)) s = L. Therefore g £ L. Thence 
n(yi) = n(y 2 ) yields y x = y 2 . □ 

Corollary 5.7.3. de£ L (R) = def c (X), def T .(R) =def G (X). 

Proof. In virtue of commutative diagram (5.11) and the fact that 7? is dominant, R is CN. Us- 
ing Corollary 4.2.3, we have def L (R) = def z(L)° def L (.R) = dd z{Lr (R//L'). Thanks 
to Lemma 5.7.2, def z[Ly {R//V) = M z{L)0 (Y//L>),M z{Lr (R//L>) = def z{L y {Y//V) . To 
complete the proof apply Corollary 4.2.3 to the action L : Y and use Proposition 5.1.7. □ 

Lemma 5.7.4. The subalgebra A z C A z is generated by f\ Z: H^\ z ,f G K[X] P °,£ G 3(1). 

Proo/. Put J = Span Az (iJ ? | z ,^ G [(, []). Since R z is CN, /^/^(O) C and the restric- 
tion of t^l',r z to A^Zr (0) is a finite bijection (Corollary 4.2.3). In particular, the natural 
homomorphism — > / J is an embedding. The image of this embedding coincides with 
(Az/J) L '. 

For / G K[X] P ",£ G 3(1), denote by f,H^ the image of f,H^ in A z /J under the natural 
epimorphism A — > A z /J. Clearly, f,H^,f G K[X] P ",£ G 3(1), generate A^/J. Note that 



ALGEBRAIC HAMILTONIAN ACTIONS 



33 



H ( G {A z /J) v . Let g G {A z /J) v . There exist g t G K[X] P ", & G 3(0 such that g = ^ 
There is the natural epimorphism of L'-modules K[X] P ™ — > K[X] P °. Denote by g® the image 
of g,i under this epimorphism. Since g, are L '-invariant, g = ^ g^H^. Hence the algebra 
(A Z /J) L ' is generated by H$,£ G 3(0,/,/ G K[X] P °. It remains to recall that the natural 
map A\ — > (A Z /J) L is an isomorphism. □ 

Lemma 5.7.5. The morphism v//U : R//L' — > X//P is finite. 

Proof. The algebra K[i?] L ' is integral over Ajg . It remains to check that is integral 
over K[X] P °. By Lemma 5.7.4, it is enough to show that H%\z,£ G 3(0, is integral over 
K[X] P °/(K[X] P » n I z ). This stems from diagram (5.11) because HA Z C 4>l t R z (K[l] L ) and 
K[l] L is integral over K[g] G . □ 

Since the morphism n : Y — > R is dominant, we can identify with a subalgebra of 

Km 

Corollary 5.7.6. The subalgebra K[R} L ' C K[F] L ' zs £/ie integral closure o/7r Poi x|y(IK[X] Po ). 

Proof. R//L' is a normal variety, the morphism F//I/ — > R//L' is birational (Lemma 5.7.2), 
the morphism R//L' — > X//P is finite (Lemma 5.7.5). □ 

5.8. Proofs of Theorems 1.2.3,1.2.5. We preserve the notation of Subsections 5.5-5.7. 

Recall that Y is a Hamiltonian N - variety. Thus the morphism Y//L — > t//L is N /L- 
equivariant. Further, the morphism Y//L — > X//G is the composition of itno/l,y//l an d the 
open embedding Y//Nq X//G. 

Lemma 5.8.1. T/ie subalgebra K[R] L C K[F] L N / L-stable. The morphism iPl,r//L is 
N / L-equivariant, and the morphism R//L — > X//G is the quotient for the action N /L : 
i2//L. 

Proof. The subalgebras K[X] G , IK[X] G ° are embedded into K[V] L via the restriction of func- 
tions to Y. By Corollary 5.7.6, is the integral closure of 7Tp 0) x|y(IK[X] P() ). Therefore 
K[R] L is the integral closure of K[X] G ° C K[F] L . Since K[X] G ° is integral over K[X] G , we ob- 
tain that K[R} L is the integral closure of K[X} G in K[Y] L . The subalgebra K[R] L C K[Y] L is 
iVo/L-stable because K[X] G C K[Y] N ° = (K[Y] L ) N °/ L . Since Quot(K[y] JV °) = Quot(K[X] G ), 
we have Quot((K[ J R] L ) iVo / L ) = Quot(K[X] G ). Taking into account that K[X] G is integrally 
closed in Quot(K[X] G ), we get (K[R] L ) N °/ L = K[X} G . Let us recall that n : Y -> R is 
dominant. Since the morphisms tt//L and ipL,Y I I L = i^l,r//L o n//L are A^ /L-equivariant, 
so is iPl,r//L. □ 



We recall that a 



G,x 



lm 



HZ{L)°,Y//L'- 
CO 



Since 7? : F — > i? is a dominant morphism commuting 



with the moment maps, we have <x G X = <Xl,r 



Proposition 5.8.2. The subalgebra K[C l,r\ C K^] 1 zs W G Y }-stable andK[C G>x ] = ^[C l ,r 
The following diagram is commutative. 



(Y) 



a,x 



R//L 



X//G 



(5.12) 
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Proof. We recall that K[X] G = (K[R} l ) w g,x (l emma 5.8.1). It follows from commuta- 



tive diagram (5.11) that the subalgebra ^* L ^ R (K[l] L ) C K[X] G is integral over i/j gx (K[q\ g ). 
Therefore KfC^iJ is the integral closure of K[Cg,x] in IK[i?] L . In particular, K^Cl^] is 

W^J-stable. Since K[C G , X ] is integrally closed in K[X} G = (K[R] L ) W £* , the equality 

<Y) 

K[C G ,x]=K[C L , R ] w o,x holds. 

Now we shall prove that the diagram (5.12) is commutative. The only non-trivial thing 
here is the equality t gx = t~I r /W g Y x . The latter is equivalent to ipG,x//G = (iPl,r//L)/W g Y x . 
By the definition of ipc,x (see Subsection 5.2), 4>g,x\y = 4>n ,y- Therefore i^g,x//G\y//n = 
iPn ,y//No ( we recall that Y//N is identified with an open subset of X//G). Equivalently, 
$g,x//G\ y //n = (^ l ,y//L)/W g Y x . It remains to recall that $l,y// l = $l,r//L o 9//L and 
that 7r//L is a W^^-equivariant morphism. □ 

of Theorem 1.2.3. Replacing X with its normalization, we may assume that X is normal. 
The codimension of any irreducible component of a fiber of ipi,R i n R is not less than 
def L (R) = def G (X). Since the quotient morphism ~kl,r is surjective, the same is true for 
any irreducible component of a fiber of iI>l,r//L. To complete the proof it remains to apply 
Proposition 5.8.2. □ 

of Theorem 1.2.5. The morphism ipG,x//G is equidimensional by Theorem 1.2.3. Since C GtX 
is normal, it follows that ipG,x//G is an open morphism (see [Ch]). The equality imip GjX = 
im.%l)G,x//G holds because n GyX is surjective. 

Put Z = C LtR ,r = t 2 lr : C L)R -> a LtR a {Y) x . By Proposition 5.8.2, C G , X Z/W G Y) X , 
t is W^Q^-equivariant and r GX = t/W gx . Applying Proposition 4.4.2 to the action L : R, 
we see that r is etale in all points of imift^R. It follows from commutative diagram (5.12) 
that imip L , R = n~\ Y) (im^ G ,x)- □ 

W G,X' Z 

5.9. The proof of Theorem 1.2.7. The following proposition (at least, its first part) seems 
to be quite standard. 

Proposition 5.9.1. Suppose X is a generically symplectic normal affine irreducible Hamil- 
tonian G-variety. 

(1) The image of the embedding ip GX : K(Cq,x) —> coincides with the center 
3(K(X) G ) of the Poisson field K(X) G . 

(2) Under the identification K{C GtX ) ^ }{K(X) G ), the equality K[imip G ^ x ] = K[X] n 
3(K(X) G ) holds. 

Proof. We identify K(C G , X ) with ^ GX (K(C G , X )). 

It follows from the definition of C GtX that K.(C G ,x) C K(X) G and that K(C G ,x) contains 
the subalgebra vp G x (K[g] G ) and is algebraic over this subalgebra. Since {H^, /} = L^f = 
for all (6 8,/ g'k(X) g , the inclusion ip GtX {K[Q\ G ) C 3(K(X) g ) holds. The uniqueness 
property for a lifting of a derivation yields K.(C G ,x) C 3(IK(X)) g . 

Similarly to the proof of Satz 7.6 from [Knl], one sees that $^( X )(K(X) G ) is algebraic over 
the subalgebra generated by H^,^ e 3. So 3(K(X) G ) = (3k(x)(K(X) g )) g is algebraic over 
^ x (K[gf) and thus also over K(C GjX ). To prove assertion 1 of the proposition it remains 
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to show that K(C GtX ) is algebraically closed in K(X) G . This follows easily from the fact 
that Cg,x is integrally closed in K[X] G . 

Proceed to assertion 2. Clearly, K.[imi/j GiX ] C K[X]. To prove the inclusion K(Cq,x) H 
K[X] C K[im'i/jG,x] note that the pole locus of ^ GX {f) e coincides with the inverse 

image of the pole locus of / G K(C GiX ). □ 

Now we consider a special class of Hamiltonian actions. Let X be a generically symplectic 
Hamiltonian G- variety. One can show, compare with [V3], Ch.2, §3, Proposition 5, that the 
following conditions are equivalent: 

(a) dimX = m G (X) + def G (X). 

(b) The field 1&(X) G is commutative with respect to the Poisson bracket. 

X is called coisotropic, if it satisfies the equivalent conditions (a),(b). The following 
statement follows immediately from Proposition 5.9.1. 

Corollary 5.9.2. Preserve the conventions of the previous proposition. If X is coisotropic, 
then X — > imipG,x is the quotient morphism. 

of Theorem 1.2.7. Let us prove that o!q X C 3(1) is a linear subspace. It follows from 

Lemma 3.3.6 that G imi/j GtX - Since ipc,x = T h x ° ^g,x, we have G imr GX . It re- 
mains to apply Proposition 4.4.1. 

Let us prove that ip G ,x is surjective. Let A be such as in Lemma 3.3.6. By the same lemma, 
there is an action K x : C GjX such that ip G ^x is K x -equivariant and lim^ tX = A for all A G 
C Gy x- The image of ipG,x is K x -stable and contains A . It follows from Theorem 1.2.5 that 
imip GiX C C Gt x is an open subset. We deduce that ipG,x is surjective. When X is generically 
symplectic, we apply Proposition 5.9.1 and obtain the equality K[Gg,x] = K[X] G fl3(K(X) G ). 

It remains to prove that t gx : Cq,x — > <X G>x /W GjX is an isomorphism. The morphism 

R//L — > C Gt x from diagram (5.12) is surjective because i/)g,x//G is so. Taking into account 
that the morphism ^l,r//L : R//L — > Cl,r is W^^-equivariant, we deduce from diagram 
(5.12) that this morphism is also surjective. Theorem 1.2.5 implies that t\ r : C^r — > c^ G X 
is etale. But r| R is finite and thus is an isomorphism. To complete the proof it remains to 
apply Proposition 5.8.2. □ 

5.10. An example when W GX is not generated by reflections. In this subsection we 
construct an example of a conical symplectic irreducible afline Hamiltonian G-variety X with 
connected G such that the image of W GX in GL(a GX ) is not generated by reflections. Since 

G is connected, the homomorphism W G Y X — > GL(aQ^-) is an embedding and we identify the 

(Y) 

group W G x with its image. 

Put G = SL(2) x SL(2). Let V\,V 2 (resp., V{, V 2 ') be the two-dimensional irreducible 
modules over the first (resp., the second) factor. Denote by 7y the linear automorphism 
of V := V\ © V 2 © V{ © V<{ given by the equality ^{^1^2, v[, v' 2 ) = (v± : -v 2 ,v[, -v' 2 ),Vi G 
Vi, v[ G V(. Put G = K x x G , X = T*K X x V. Clearly, X is a symplectic affine Hamiltonian 
G-variety. This is a conical variety: the action IK X : X = G * G() (K © V) is given by 
t[g,(x,v)} = [g,{t 2 x,tv)],j] G G,t G K x ,x G K = T*(K x ),v G V. Furthermore, X is 
coisotropic. Indeed, m G (X) = dimG, dimX = dimG + rkG. 
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Let 7t denote the involution of T*IK X induced by the left translation by — 1 G 1K X and 
7 the involution of X given by 7(2;, y) = (jt%, Ivy), x e T*K x ,y G V. The involution 7 is 
Hamiltonian and K x -equivariant. Since 7 has no fixed points, the variety X = X/Z 2 , where 
the non-unit element of Z 2 acts as 7, is smooth. So X is a symplectic conical coisotropic 
Hamiltonian G- variety. 

The variety X//G is isomorphic to A 3 . The action Z 2 : X//G = A 3 is isomorphic to the 
linear action of Z 2 by the multiplication by matrices diag(l,e,e),e = ±1. We deduce that 
X//G = (X//G)/Z 2 is not smooth. Using Corollary 5.9.2 and Theorem 1.2.7, we see that 
Wq X 1S n °t generated by reflections. 

Index of notation 

As usual, if an algebraic group is denoted by a capital Latin letter, we denote its Lie 
algebra by a corresponding small German letter. 



(•, •) the pairing of elements of two dual to each other vector spaces. 

#S the cardinality of a set S. 

d v the partial derivative in direction of a tangent vector v. 

A x the group of invertible elements of an algebra A. 

H°(X, V) the space of global sections of a vector bundle V over a variety X. 

G° the connected component of unit of an algebraic group G. 

(G,G) (resp., [g,g]) the derived subgroup (resp., subalgebra) of a group G (resp., the a 

Lie algebra g). 

G *h X the homogeneous bundle over a homogeneous space G/H with a 

fiber X. 

G u (resp., q u ) the unipotent radical of an algebraic group G (resp., of an algebraic 

Lie algebra g). 

G x the stabilizer of a point x under an action of G. 

q x the annihilator of vector x in a module over a Lie algebra g. 

[g, x] the class of a pair (g, x), g G G, x G X in the homogeneous bundle 

G *h X . 

f\ Y the restriction of a map / to a subset Y . 

g a the root subspace in a reductive Lie algebra g corresponding to 

a G A(g). 

im / the image of a map /. 

the Lie derivative in direction of a vector field £. 
mc(X) the maximal dimension of an orbit for the action of an algebraic 

group G on a variety X. 
N G (H) (resp., iV G (f))) the normalizer of a subgroup H C G (resp., of a subalgebra f) of g) 

in a group G. 

Quot(i?) the quotient field of a domain R. 

Sa(D) the symmetric algebra of an A-module D. 

Span A (S') the A-submodule spanned by a subset S of some A-module. 

Spec(A) the affme scheme corresponding to an algebra A. 

U 1 - the orthogonal complement to a subspace U C V, where V is a 

vector space equipped with a nondegenerate symmetric or skew- 
symmetric bilinear form. 

v(f) the skew-gradient of a rational function / on a Poisson variety. 
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X the closure of a subset of a variety with respect to the Zariski topol- 

ogy- 

X G the set of G-fixed points for the action G : X. 

X//G the categorical quotient for the action of a reductive group G on an 

afflne variety X. 

X max the subset of a Poisson variety consisting of all points x G X reg 

satisfying rkP x = max y€X re 9 rkP y , where P is the Poisson bivector 
of X. 

X Teg the subset of smooth points of a variety X. 

Z(G) (resp., 3(0)) the center of an algebraic group G (resp., of a Lie algebra g). 

3 (h) the centralizer of a subalgebra h in a Lie algebra g. 

a y the dual root to a root a. 

A(g) the root system of a reductive Lie algebra g. 

the velocity vector field corresponding to an element £ of a Lie 

algebra. 

£ s the semisimple part of an element £ of a reductive Lie algebra 

7Tg,x the quotient morphism X — > X//G for the action G : X. 

tp* the morphism of algebras of functions induced by a morphism f of 

varieties. 

(p//G the morphism X// G — > y//G? induced by a 6?-equivariant morphism 

V? : x -> y. 
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